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INTRODUCTION

In a number of physical systems oscillations can be described by one or more weakly non-
linear second order partial differential equations of the hyperbolic type (see for instance
[4,6,11-15,17,18,20,22,23]). In this thesis the following initial-boundary value problem
will be considered for a real-valued function ﬁ(x,t;e), which is either scalar-valued or

vector-valued:

2 N
u,-c uxx+du+eF(u,e)-O, O<x<mt>0, (1)
u(x,0;¢) = uo(x;e), O<x<m, (2)
ut(x,O;e) = ul(x;e), 0O<x<m, 3)
u(0,t€) = u(m,te) = 0, t>0, 4)

where ¢ is small, ¢ independent of ¢, and d = 0 or d = 1. The operator F is defined to be
Fue)(x,t) = f(x,t,u(x,te), u (x,te), u (X,te)e).

Furthermore, the real-valued functions Ugs Uy and f have to satisfy certain smoothness
conditions, which will be mentioned in the following chapters.

For scalar-valued functions the initial-boundary value.problem (1)-(4) for the perturbed
wave equation (d = 0) is comsidered in chapter 1 and for the perturbed telegraph equa-
tion (c = d = 1) in chapter 2. Moreover, in chapter 2 the restriction has been made that f
solely depends on x, t and u(x,t;). In chapter 3 the initial-boundary value problem (1)-

(4) for a system of perturbed wave equations (d = 0) is considered for vector-valued



functions. In that case ¢ is a diagonal matrix with positive and e-independent diagonal
elements.

In [4,5,18,20] several initial-boundary value problems and initial value problems for
second order, weakly nonlinear hyperbolic equations involving a small parameter ¢ have
been considered and for these problems several methods have been developed to construct
formal asymptotic approximations of the solutions. As usual formal asymptotic approxima-
tions are defined to be functions satisfying the differential equation(s) and the initial con-
ditions up to some order depending on the small parameter €. In a number of papers [4,5,
18,20] it is suggested or assumed that a theory for the asymptotic validity of formal ap-
proximations of the solutions of initial-boundary value problems like (1)-(4) is available.
However, this is incorrect. In this thesis an asymptotic theory for a class of initial-bound-
ary value problems for (systems of) weakly nonlinear hyperbolic equations of order two
will be presented. In fact, this asymptotic theory can be regarded as an extension of the
asymptotic theory for ordinary differential equations as for instance described in [2,8,25].
The asymptotic theory presented in this thesis implies the well-posedness (in the classical
sense) of the initial-boundary value problem (1)-(4) and the asymptotic validity (as €
tends to zero) of a class of formal approximations on long and e-dependent time-scales.
The asymptotic theory is applied to several initial-boundary value problems for (systems
of) weakly nonlinear hyperbolic equations of order two. In chapter 1 an initial-boundary
value problem for the Rayleigh wave equation Uy - U, =€ [ut - —; u?] is studied. In
the early seventies an initial-boundary value problem for the Rayleigh wave equation
has been postulated in [22,23] to describe full span galloping oscillations of overhead
transmission lines. From an aero-elastic analysis it is shown in chapter 1 that this initial-
boundary value problem indeed may be regarded as a simple model describing the gal-
loping oscillations (in the vertical direction) of overhead transmission lines. In chapter 2

an initial-boundary value problem for a weakly nonlinear telegraph equation LI



+u+ eu3 = 0 is studied. Finally in chapter 3 an initial-boundary value problem for the

following system of weakly nonlinear wave equations is studied:

v, - e[a vetagwo+a v2+a VW _+a w2+a w3]
tt 10t t 20 lltt 027t 037 t7°

Wi ™ wxx=e(b w +b11vtwt+b0 w +b w3)
where alO’aOI""’b03 are e-independent constants. It is also shown in chapter 3 that this
initial-boundary value problem may be regarded as a model describing the galloping os-
cillations (in the vertical and in the horizontal direction) of overhead transmission lines.

For the aforementioned initial-boundary value problems asymptotic approximations (as €
tends to zero) of the solutions will be constructed using a two-timescales perturbation
method. In the chapters 1 and 3 the initial-boundary value problems for the (systems of)
weakly nonlinear wave equations are studied by rewriting these problems in the charac-
teristic coordinates 0 = x - t and € = x + t. Although it seems natural to investigate the
initial-boundary value problems for the (systems of) weakly nonlinear wave equations by
means of a Fourier series expansion of the solution, it turns out that this approach leads to
computational difficulties. In fact, in this approach a system of infinitely many, coupled,
nonlinear, ordinary differential equations is obtained, which in general is hard to solve.

To approximate the solution of this system of differential equations the truncation method
of Galerkin may be used. However, for the so-obtained approximation asymptotic validi-
ty can often only be proved on a time-scale ;:vhich in general is smaller than the time-
scale for which the original initial-boundary value prbblem has been proved to be well-
posed. In chapter 2, however, it turns out that the method of Fourier series expansion of
the solution is applicable to the initial-boundary value problem for the weakly semi-
linear telegraph equation. From [4,6,17,18,20] and from this thesis it may be concluded

that the method of characteristic coordinates is applicable to a special class of nonlinear



partial differential equations, which are non-dispersive in the unperturbed case (that is
€ = 0) and that the method of Fourier series expansion of the solution is applicable to a
class of nonlinear partial differential equations, which are dispersive in the unperturbed

case.



CHAPTER 1

AN ASYMPTOTIC THEORY FOR A CLASS OF INITIAL-BOUNDARY
VALUE PROBLEMS FOR WEAKLY NONLINEAR WAVE EQUATIONS WITH
AN APPLICATION TO A MODEL OF THE GALLOPING OSCILLATIONS OF

OVERHEAD TRANSMISSION LINES

Abstract

This chapter aims to contribute to the foundation of the asymptotic methods for initial-
boundary value problems and initial value problems for weakly nonlinear hyperbolic
partial differential equations of order two. In this chapter an asymptotic theory for a
class of initial-boundary value problems for weakly nonlinear wave equations is
presented. The theory implies the well-posedness of the problem in the classical sense
and the validity of formal approximations on long time-scales.

As an application of the theory an initial-boundary value problem for a Rayleigh wave
equation is studied in detail using a two-timescales pertufbation method. From an aero-
elastic analysis it is shown that this initial-boundary vglue problem may be regarded as a

model describing the growth of wind-induced oscillations of overhead transmission lines.



1.1. Introduction

In this chapter an asymptotic theory is presented for the following initial-boundary value

problem for a nonlinearly perturbed wave equation

Uty - Uxx + ef(x,t,u,up,uyze) = 0, O<x<mt>0, (1.1.1)
u(x,0:€) = ug(x;e) and uy(x,0z¢) = uy(xse), O<x<m, (1.1.2)
u(0,t;¢) = u(m,t;e) = 0, t>0, (1.1.3)

with 0 < |e| < ¢y << 1 and where the nonlinearity f and the initial values ug and u;
have to satisfy certain smoothness properties, which are mentioned in section 1.2. The
asymptotic theory implies the well-posedness (in the classical sense) of the initial-bound-
ary value problem (1.1.1)-(1.1.3) and the asymptotic validity of formal approximations.
In this chapter formal approximations are defined to be functions that satisfy the differ-
ential equation and the initial values up to some order depending on the small parameter .

In [11] a similar asymptotic theory has been developed for an initial-boundary value

problem for the weakly semi-linear telegraph equation

g - Uxx + u + ef(x,t,uze) = 0, O<x<mt>0,

subject to the inital and boundary conditions (1.1.2) and (1.1.3). The well-posedness of that
problem and the asymptotic validity of formal approximations could be established on a
time-scale of order |e | -1/2_ For the initial-boundary value problem (1.1.1)-(1.1.3) it
will be shown that a time-scale of order |¢| -1 can be obtained.

The asymptotic theory in [11] and the asymptotic theory presented in this chapter can be

regarded as an extension of the asymptotic theory for ordinary differential equations as



for instance described in [1,2,8,25]. In a number of papers for instance in [5,6,18,22,23],
it is suggested or assumed that an asymptotic theory for the validity of formal approxi-
mations of the solutions of initial-boundary value problems like (1.1.1)-(1.1.3) is available.
In [5,20] it is taken for granted that in [8] a justification is given of a perturbation
method introduced in [4]. An important part of the justification, namely an estimate of
the difference between the exact solution and the formal approximation is not given in
[8]. Furthermore, the time-scale on which the results might be valid, is not specified in
[8]. Some authors, as for instance [3,8,20], have noticed that these validity proofs were
absent or far from complete. In the literature only recently some asymptotic validity
proofs have been given. For instance in [3] a rather successful approach has been intro-
duced to justify a number of formal perturbation methods. However, this approach is in-
complete because in [3] the presumption is made that on sufficiently large time-scales the
initial value problems under consideration are well-posed in some (not specified) sense.
Some other asymptotic results have been obtained in [6,19,27] by rewriting (1.1.1)-(1.1.3)
as an initial value problem for a system of infinitely many ordinary differential equa-
tions in a Hilbert or Sobolev space.

This chapter, being an attempt to contribute to the foundations of the asymptotic methods
for weakly nonlinear hyperbolic partial differential equations, is organized as follows. In
section 1.2 the well-posedness of the problem is investigated and established on a time-
scale of order Ie | -1 and in section 1.3 the asymptotic validity of formal approximations
is studied. The asymptotic theory is applied in section 1.5 to the initial-boundary value
problem (1.1.1)-(1.1.3) with f(x,t,u,ug,uxe) = -ug + % u%. In the early seventies this
initial-boundary value problem for the Rayleigh wave equation has been postulated in
[22] to describe full span galloping oscillations of overhead transmission lines. In section
1.4 it follows from an aero-elastic analysis that this initial-boundary value problem may

indeed be regarded as a model which describes the growth of wind-induced oscillations



of overhead transmission lines. Using a two-timescales perturbation method, as for instance
successfully used in [4,6,11,17,18], an asymptotic approximation of - the solution of the
aforementioned initial-boundary value problem will be constructed. Finally in section
1.6 some remarks are made on the asymptotic theory applied to initial and initial-bound-
ary value problems for the weakly nonlinear wave equations. Furthermore, some of the

results obtained in the literature are discussed. .



1.2. The well-posedness of the problem

In this chapter the following weakly nonlinear initial-boundary value problem for a

(with respect to x and t) twice continuously differentiable function u(x,t;e) is considered.

Ugt - uxyx + €F(ue) = 0, t>0,0<x<m,
u(x,0;e) = ug(x;e), O<x<m,
ug(x,0€) = uj(xse), O<x<m,
u(0,t;e) = u(m,te) = 0, t> 0,

where

F(U;C)(X,t) = f(x,t,u(x,t;é),ut(x,t;e),ux(x,t;e);E),

0 < |e| <e¢y << 1, and where f(x,t,u,p,qze), ug(x;e) and uj(x;e) satisfy

of of of of 3
f, ax* Bu’ 8p’ 8q € C([0,7] x [0,00> xIR” x [-€g,e0], R)

with F(u;e)(0,t) = F(u;e)(m,t) = 0 . - fort>0,

dug 62u0
ug, a’ _a_x_z € C([O,'II'] X [_GOsGO]a]R)

with ug(0s¢) = ug(me) = ug(0se) = ug(me) = 0, and

du
U, Sa € C0T x [-e0ucgh B) with up(0ie) = uy(me) = .

(1.2.1)
(1.2.2)
(1.2.3)

(1.2.4)

(1.2.5)

(1.2.6)

(1.2.7)

(1.2.8)

Furthermore, f(x,t,u,p,q;¢) and its partial derivatives with respect to x,u,p and q are
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assumed to be uniformly bounded for those values of t under consideration.

To prove existence and uniqueness in the classi;al sense of the solution of the initial-
boundary value problem (1.2.1)-(1.2.4) an equivalent integral equation will be used. In
order to derive this integral equation the initial-boundary value problem is transformed
into an initial value problem by extending the functions f, ug and uj in x to odd and
2m-periodic functions (see for instance [7, chapter 5] or [28, chapter 2]). The extensions
of u, f, ug and uy are denoted by u‘, f‘, uB and u*i respectively. Then, assuming that the
solution u* of the initial value problem is twice continuously differentiable, an integral

equation for the solution of the initial value problem is given by
t X+t-7

W*(x,te) = - 5 fo |
+t

X .
+ -15 uB(x+t;e) + iz ua(x-t;e) + -%—J‘ u"{({;e) de¢. (1.2.9)
x-t

', rut e meut € nout € e dedr +
X-t+71 T ¢

Using reflection principles (1.2.9) can be rewritten as an integral equation on the semi-

infinite strip 0 < x < 7, 0 < t < o0, yielding

t
u(x,te) = %_ IO IO G(€,mx,)F(ue)(€,7)dédr + ugx,te), (1.2.10)
where G and uy are given by

G¢,mx,t) = Y { H(t-7-£+2km-x)H(t-r+£-2km+x) +
keZ

SH(t-r4+£4+2k7- X)H(t-7-£-2k74X) ) (1.2.11)
and

n
ugx,te) =—é— ,[o { ug(&e) g—? (€,0:x.1) - u l(f;e)G(f,O;x,t)} de, (1.2.12)
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in which H(a) is a function on IR which is equal to 1 for a > 0, —; for a = 0 and zero
otherwise. In (1.2.12) it is assumed that G is differentiated according to the rule

d df! d .
L HEEHE) ) = 5ot D Hgr) + HEso(er) BT, where 50 is the

Dirac delta function. In fact, G as defined by (1.2.11) is the Green’s function for the
32 32 .\ .

—— - — and the boundary conditions (1.2.4). It is worth
a2 ax2

noticing that the solution of the linear initial-boundary value problem (1.2.1)-(1.2.4)

differential operator L =

(that is with F = 0) is given by ug(x,te).

Some elementary calculations show that if v(x,te) is a twice continuously differentiable
solution of the initial-boundary value problem (1.2.1)-(1.2.4) then v(x,t;) is a solution of
the integral equation (1.2.10). And if w(x,te) is a twice continuously differentiable solu-
tion of the integral equation (1.2.10) then it can easily be shown that w(x,t;e) is a solution
of the initial-boundary value problem (1.2.1)-(1.2.4). Hence, the integral equation
(1.2.10) and the initial-boundary value problem (1.2.1)-(1.2.4) are equivalent if twice
continuously differentiable solutions exist. Now it will be proved that a unique, twice
continuously differentiable solution of the integral equation (1.2.10) exists on a region Jy
of the (x,t)-plane. And so, a unique and twice continuously differentiable solution exists
for the initial-boundary value problem (1.2.1)-(1.2.4) on J..

In order to prove existence and uniqueness in the classical sense of the solution of the non-

linear integral equation (1.2.10) a fixed point theorem will be used. Let J1 be given by
JL={un|osx5most5Lk|4} (1.2.13)

in which L is a sufficiently small, positive constant independent of €. Let C%/I(JL) be the
space of all real-valued and twice continuously differentiable functions w on Jp, with

norm ||. || I defined by
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2 i+j
Iwll, = 5  max iﬁﬂﬁws
L axlatl

iL,j=0 (x,H)elL,
i+j<2

From the smoothness properties of ug and uj it follows that (for fixed ug and uy) there

exists a positive constant M; independent of ¢ such that,
Nuell, <+m™m (1.2.14)
£ JL =2 1 L.

and from the smoothness properties of F(u;e)(x,t) (as defined by (1.2.5) and (1.2.6)) it fol-

lows that there exist e-independent constants Mj and M3 such that,

1 k

) lLk- F(viexx,t) | <M, (1.2.15)
k=0 dx

1 4k

| K (Fvex, - F(wie)(x,1)) | <Mz ||v-w | (1.2.16)
k=0 dx L

for all (x,t) € JL. € € [-¢g,¢0] and v,w € C%VII(JL)- Now let the integral operator T:

C2(JL) — C2(J), which is related to the integral equation (1.2.10), be defined by
t
(Tw)(x,t) = —;— J 0 J‘ 0 G(&,mx,)F(w;e)(€,7) dedr + ugx,te), (1.2.17)
where G, F and uy are given by (1.2.11), (1.2.5) and (1.2.12) respectively. According to
Banach’s fixed point theorem the integral operator T has a unique fixed point in

C%v[ l(JL) if the operator T satisfies

() T:Cig,(JL) — Chy,GL), and

) ITv-Twlly <k [lv-wil, with0 <k <1, forall v,w e CRa, L)
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Figure 1.2.1: Subregions in V with the corresponding values of the

Green’s function G(€,1;x,t).

Now, it will be proved that the integral operator T satisfies these two conditions. It is not
difficult to show that T maps C%,II(JL) into the space of twice continuously differenti-
able functions on Jy. In order to prove that T maps C%VII(JL) into itself an estimate of the
Green’s function G(¢,;x,t) should be obtained for 0 < ¢ <7, 0 < 7 < t and fixed x and t.

In figure 1.2.1 the characteristics from the point (x,t) and the reflected characteristics at
the boundaries £ = 0 and ¢ = 7 are drawn in the (¢,7)-plane. These (reflected) character-
istics divide the region V = {(¢,7) [ 0 < ¢ <m, 7> 0} into a finite number of subregions. In
each subregion G(¢,7;x,t) can be determined by evaluating (1.2.11). These values are
given in figure 1.2.1. The following estimate of G(¢,7;x,t) can now be made for 0 < £ < ,

7 > 0 and fixed x and t:
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|G mx ] < 1.
Using (1.2.13)-(1.2.15), (1.2.17)-(1.2.19) the follbwin_g estimate can be made

ITvily < BTv-ully + llw

ellgy + el

2

9i+]

max PV

i,j=0 (x,peJy, 9x'ov
i+j<2

IA

((Tv)x,t) - ue(x,t;e)] | + —é M <

1
2

IA

(% +5]M2L+€0M2+ M

for all v € C%AI(JL)- Now ¢ has been assumed to be sufficiently small and so, there
exists an e-independent constant L such that (% + 5)M2L + gMy < —é M;. Hence,
vl . < Mj for all v € C%VII(JL). So, T maps C%"Il into itself. Using (1.2.13),
(1.2.16)-(1.2.19) it will be shown that T is a contraction on C%\/Il(JL)- Let v and

w E C%,II(JL), then the following estimate can be obtained
1I’
NTv-Twlly, < ((5+ 5IM3L + coM3) vl

It is obvious that there exists an e-independent constant L such that (% + 5] M3L +
+€gM3 < k < 1. Since there always exists a constant L independent of ¢ such that
(_72r + 5] MsHL + ¢gMj < -%Ml and (% + 5) M3L + ¢gM3 < k < 1, it follows that T maps
C%v[ l(JL) into itself and that T is a contraction on C%,II(J L)- Banach’s fixed point theorem
then implies that T has a unique fixed point in C%VII(JL), that is, a unique and twice
continuously differentiable function on Jj. Hence, the solution of the integral equation
(1.2.10) is unique and twice continuously differentiable on J{. And so, on J a unique

and twice continuously differentiable solution exists for the initial-boundary value prob-

lem (1.2.1)-(1.2.4).

(1.2.18)
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Next it will be shown that the solution of the initial-boundary value problem (1.2.1)-
(1.2.4) depends continuously on the initial values. Let u(x,t;e) satisfy (1.2.1)-(1.2.4) and
let U(x,te) satisfy (1.2.1), (1.2.4), u(x,0;¢) = ug(x;e) and uy(x,05¢) = u(x;e), where ug and

uy satisfy (1.2.7) and (1.2.8). Let uy be given by

e
Gx9 = [ {Bote0 52 €0x0 - 11(&9GE 0.0} de

After subtracting the integral equations for u and u, using (1.2.10), (1.2.13), (1.2.16) and

(1.2.18), assuming u and u € C%vIl(JL)a one obtains the estimate

lu-illy, < ((5+5) MaL+ M) flu-illy + lugoelly, <

<k flu-iilly, + Nogfell;  witho sk <1,

.. e . . - 1 - .
This inequality implies || u-u || L iT-k ug-ugll w with 0 < k < 1.
So, small differences between the initial values generate small differences between the
solutions u and u on Jp. In other words the solution of the initial-boundary value
problem depends continuously on the initial values. The following theorem on the well-

posedness of the problem can now be formulated.

Theorem 1.2.1

Suppose that F, ug and uj satisfy the assumptions (1.2.6)-(1.2.8). Then for any e satisfy-
ing 0 < |e| < ¢p << 1, the nonlinear initial—boundafy value problem (1.2.1)-(1.2.4) and
the equivalent nonlinear integral equation (1.2.10) have the same, unique and twice con-
tinuously differentiable solution for 0 < x <mand 0 <t<L|e|~ 1 in which L is a suf -
ficiently small, positive constant independent of e. Furthermore, this unique solution

depends continuously on the initial values.
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1.3. On the validity of formal approximations

Since the initial-boundary value problem (1.1.1)-(1.1.3) contains a small parameter ¢ per-

turbation methods may be applied for the construction of approximations to the solution.

In most perturbation methods for weakly nonlinear problems a function is constructed

that satisfies the differential equation and the initial conditions up to some order

depending on the small parameter ¢. Such a function is usually called a formal approxi-

mation. To show that this formal approximation is an asymptotic approximation (as € — 0)

requires an additional analysis. Therefore suppose that on J, (given by (1.2.13)) a twice

continuously differentiable function v(x,t;) is constructed satisfying

Vit - Vxx + €F(vie) = || ™ cq(x,te), m> 1,
v(x,056) =up(xse) + |e| M1 cy(xse) = vp(xe), 0<x <,
vi(x,05) = uj(xse) + || M1 c5(xpe) = vi(xe), O<x<m,

v(0,te) = v(m,te) =0, 0<t<L]e|-1,
where ¢, F, ug and uj satisfy (1.2.5)-(1.2.8) and where €1, ¢ and cj satisfy

acy -1
1> 35 € C0,7]1 x [0,L le] 11 x [-€0.¢0]. R)

with ¢1(0,t¢) = cq(m,te) = 0, for 0 <t < Ljg-1,
dcy 3202
2> Zx° ) € C([0,7] x [-€q,€0], IR)

with c3(0¢) = cy(me) = c5(0s) = cp(me) =0,  and

ac
€3 Ti € C([0,7] x [-€q,€0], IR) with ¢3(0;) = c3(me) = 0.

(1.3.1)
(1.3.2)
(1.3.3)

(1.3.4)

(1.3.5)

(1.3.6)

(1.3.7)



17

Furthermore, c¢(x,t;€) and its derivative with respect to x are supposed to be uniformly
bounded for those values of t and ¢ under consideration. From theorem 1.2.1 it follows that
the initial-boundary value problem (1.3.1)-(1.3.4) has a unique, twice continuously dif -
ferentiable solution on a time-scale of O(l¢~1). This initial-boundary value problem can

then be transformed into the equivalent integral equation
t w
v(X,te) = —62- IO JO G(&,mx,OF(v;e)(€,7) dédr + vx,te), (1.3.8)

where G is given by (1.2.11) and where F and vy are given by

ﬁ(v;e)(x,t) F(v;e)(x,t) - |e|m-1 ¢ (x,te) and

™
véxt0 =3 [ {voe0 5 €0x.0 - vi(€IGE. om0} de

Now, it will be shown that the formal approximation v is an asymptotic approximation (as
€ — 0) of the solution of the initial-boundary value problem (1.2.1)-(1.2.4) if m > 1, that

is, it will be proved that
u-v = 0O(6(¢)), where lim 6(¢) = 0.
lu-vly, =06 lim ()
Moreover §(¢) will be derived explicitly. This result implies that
lim | u(x,te) - v(x,te)| =0 for (x,t) € JL.
e—0

Subtracting the integral equation (1.3.8) from the integral equation (1.2.10), supposing
that v, satisfies (1.2.14) and that I~3 satisfies (1.2.15) and (1.2.16), using (1.2.13), (1.2.16),

(1.2.18) and the fact that u,v € C%\AI(JL), the following estimate is obtained
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w
lu-vlly, < ((G+5) ML s coMa) lu-vily o llelly + Nupvelly <

silluvlly + lelly, + Nuevelly .

with 0 < k < 1 and where c is given by

e|m
2

c(x,te) =

t =«
j I G(&,mx,0)c (€,me) dédr,
0J0

and where uy - vy is given by

e|m-1 .7
) - v = - [, {e260 5o - exeacieomn} ac

Hence,

1 .
||u—v||JL$~l_—k{"c||JL+ ||ug—ve“JL} with 0 < k < 1.

From the smoothness properties of cj, ¢ and c3 it follows that there exists a constant K

independent of ¢, such that

Helly, s ((5+5) KL+ |e|K) [e|m-T and

lue-velly, < (5 +11) K[e|m-L.
|e|m—lK
So, ||u-v||JL5—l—_T—{(%+ S5)L+ |e] +%+ll}.

For m > 1 this inequality implies the asymptotic validity (as ¢ — 0) of the formal

approximation v. The following theorem has nuw been established.
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Theorem 1.3.1

Let the formal approximation v satisfy (1.3.1)-(1.3.4), where ¢, F, ug and uj are given
by (1.2.5)-(1.2.8) and where ¢y, ¢y and cj satisfy (1.3.5)-(1.3.7). Then for m > 1, the
formal approximation v is an asymptotic approximation (as ¢ — 0) of the solution u of the
nonlinear initial-boundary value problem (1.2.1)-(1.2.4). The asymptotic approximation v
is valid for those values of the independent variables x and t for which problem (1.2.1)-

(1.2.4) has been proved well-posed. That is,
Hu-v| e O(|e|m-1), implying |u(x,te) - v(x,t;e)| = O(|e|m-1)

for 0 <x<mand 0 <t <Lje -1, in which L is a sufficiently small, positive constant

independent of e.
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1.4. A simple model of the galloping oscillations of overhead transmission lines

In this section a simple model describing the galloping oscillations of overhead trans-
mission lines will be derived. Galloping can be described as a low frequency, large
amplitude phenomenon involving an almost purely vertical oscillation of single-conductor
lines on which for instance ice has accreted. The frequencies involved are so low that the
assumption can be made that the aerodynamic forces are as in steady flow. Another conse-
quence of these low frequencies is that structural damping may be neglected. In severe
cases galloping may give rise to conductor damage due to impact of conductor lines and
due to flashover as a result of a phase-difference between conductor lines, for which the
mutual distance has become too small. The usual conditions (see [26]) causing galloping
are those of incipient icing in a stable atmospheric environment implying uniform (but
not necessarily high velocity) airflows.

A symmetric circular conductor in a horizontal airflow cannot exhibit galloping because
it cannot generate a force that lifts the conductor against gravity. On the other hand, a
conductor on which ice has accreted may gallop if it adopts a suitable attitude to the
wind. To describe this phenomenon a right-handed coordinate system is set up where one
of the endpoints of the conductor is the origin. Through this point three mutually per-
pendicular axes (the x-, y- and z-axis) are drawn, where the z-axis coincides with the
direction of gravity. The three coordinate axes span the three coordinate planes in space,
the (x,y)-, (x,z)- and (y,z)-planes. On each coordinate axis a unit vector is fixed: on the
x-axis the vector €x, on the y-axis the vector ey and on the z-axis the vector ez, which
has a direction opposite to gravity. The coordinate axes are directed by these vectors, such
that a right-handed coordinate system is obtained. The coordinates of the endpoints of the
conductor are supposed to be (0,0,0) and (£,0,0), where £ is the distance between the end-

points. To model galloping a cross-section (perpendicular to the x-axis) of the conductor
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with ice ridge is considered. Assume that all cross-sectional shapes are identical and sym-
metric. Along the axis of symmetry of a cross-section a vector eg is defined to be direct-
ing away from the ice ridge and starting in the centre of the cross-section. In figure
1.4.1 the centre of the cross-section is considered to be at x = x(, y = yg and z = z with

0 < xp < £ < £, where £ is the length of the conductor.

Figure 1.4.1. Cross-section of the circular conductor with ice ridge.

Let w(xq,t) denote the z-coordinate of the cex}tre of the cross-section at x = x@ and time
t. Assume that every cross-section perpendicular to the x-axis oscillates in the (y,z)-
plane. Furthermore, assume that torsion of the conductor may be neglected. Let the static
angle of attack ag (assumed to’be constant and identical for all cross-sections) be the angle
between eg and the uniform airflow Ve, that is, og = L (es,veo) With |ag| < . In this
uniform airflow with flow velocity vy, = Vooly (Voo > 0) the conductor may oscillate due

to the lift force Ley and the drag force Dep. It should be noted that the drag force Dep
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o)
at

Ley, has a direction perpendicular to the virtual windvelocity vs (eg, is chosen perpen-

has the direction of the virtual windvelocity vg = v, - R e, and that the lift force
dicular and anti-clockwise to ep). In figure 1.4.1 the forces Lep and Dep acting on the
cross-section are given. Since galloping is an almost purely vertical oscillation only
vertical displacements of the conductor will be considered. Furthermore, the conductor is
considered to be an one-dimensional continuum in which the only interaction between
different parts is a tension T, which is assumed to be constant in space and time. The
validity of the assumption will be discussed in chapter 3, section 3.6. The equation de-

scribing the vertical motion of the conductor is given by
3/2 .
pcAW - TA(l + W ) xx = -PcAg + Dsin ¢ + L cos ¢, (1.4.1)

where the magnitudes of the drag and lift force acting on the conductor per unit length
of the conductor are D and L respectively, p. the mass-density of the conductor (in-
cluding the small ice ridge), A the constant cross-sectional area of the conductor (includ-
ing the small ice ridge), ¢ the angle between Voo and vg (that is, ¢ := L (Voo»Vs) With
|¢| <m) and g the gravitational acceleration. The magnitudes D and L of the aero-

dynamic forces may be given by

1

D = 3 padep(e) va . (1.4.2)
L = 5 ppder (@) ve, (1.4.3)

where p, is the density of the air, d the diameter of the cross-section of the circular part
of the conductor, vg = |vg|, a the angle between eg and vg (that is, a := L (eg,Vg) With
|a| < 7), and cp(e@) and cy (o) the quasi-steady drag- and lift-coefficients, which may

be obtained from wind-tunnel measurements. For a certain range of values of v, some
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Figure 1.4.2. Typical variation of the drag and lift-coefficients cp and cy, with angle of

attack for a symmetric profile with small icy nose.

characteristic results from wind-tunnel experiments are given in figure 1.4.2 (see also
[1,24,26]).
According to the Den Hartog criterion [10] a two-dimensional section is aerodynamically

unstable if

decy (a
cpla) + ;‘; ) <0

From figure 1.4.2 it follows that this condition is likely to be satisfied for some interval

. dey (@)
in a with ag < @ < ap, where ag and ) are determined by cp(a) + —5-— = 0. For

these values of a the drag- and lift-coefficients are approximated by (see also [1D

cp(@) =cpg and  cp(e) =cpi(a - ap) + ep3(e - ap)3, (1.4.4)

with cpg > 0, ¢y < 0, ¢c3 > 0, @y < o] < and cp(ay) = 0. Since galloping is a low
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frequency oscillation it is assumed that | wy| << Voo (s0 | ¢ | << 1). The right-hand side
of equation (1.4.1) can now be expanded near ¢ = 0. Also it is assumed that ]wxl << 1
and so, the left-hand side of equation (1.4.1) can be expanded near wyx = 0. Using the
fact that 4§ = arctan ( Voo ] and neglecting terms of degree four and higher one

obtains after some elementary calculations

2
3 .2 Padvoo aj a 2 33 3
wit - ¢2 (1,- 5 Wx)wxx“‘ -g + 20A ag + Voo Wt ? Wi+ ? Wik, (1.4)5)
(e o} oo
where
-1y1/2
¢ = (Tl’c ) / s
ag = cL1(05 - @) + e 3(a5 - )3,
a) = -cpg - L] - 3cp3(og - 01)2 (1.4.6)

ay = (2 CL1 +CL3](as-al)+ cp3(ag - a1)3 and

1
a3=-5°Do-g°L1 -er3 (1+ (o5 - ap)2).

Applying the transformation w(x,t) = w(x,t) + 2T x(x - ¢) and using the dimensionless

variables
- e -~ - 7 - mc
W = evoow, X=X and t—Tt
equation (1.4.5) becomes
wH - 41 - ( ] ( 27rcv (2x - 1r)] wos+

+%(L°9]2 ( —+'—L(2X'7r))

27rcv 2TCVqoe

pade Voo - -2 -3
_ oo 4.7
210 c ] {ao + a.lwE + azwz + a3wz}, (1.4.7)
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where the dimensionless constants aQ, a1, ap and aj are given by (1.4.6).

Typical values of the physical quantities in a practical application are: £ = 400 m,
d=004m, A = 7(3)? = 4n104 m2, 5 = 4000 kg/m3, p, = 1.25 kg/md,
g =10 m/s2 and Voo = 10 m/s. The tension T in the conductor is estimated by
%pcg (—;] 2 561, where s (usually 2 or 3 per cent of £) is the sag of the conductor. Let
sg be 10 m, then T = 8.107 kg/ms2 and consequently ¢ = 140 m/s (c may be identified

with the speed of propagation of transversal waves in the conductor). Then, it follows that

padl v
a2 8t 1 g Yeo_ L
2mpcA T 8 2TCVoe 2 c
.~ Voo . . . .
Putting ¢ = —~ and assuming that the static angle of attack ag is such that galloping may
set in according to the instability criterion of Den Hartog [10], that is, assuming that

ag = a) + O(€), equation (1.4.7) becomes up to order ¢

(a\;E - bv;:;], (1.4.8)

where a = -cpg - cpjand b = % cpo + é L1 + cL3. For the cross-sectional shape of
the conductor with small ice ridge under consideration the aerodynamic coefficients €DO>
cL1 and ¢p 3 may be determined from wind-tunnel measurements (as for instance given
in figure 1.4.2). From figure 1.4.2 it follows that cpg > 0, cpy < 0, |cp;| > cpos
c;,3 >0, a > 0and b > 0. If one considers a conductor with fixed endpoints the boundary
conditions w(0,t) = w(m,t) = O are obtained. By a simple change of scale
- - 3by1/2 - - . . .
u(x,t) = (—a—] w(x,t) the model equation (1.4.8) can be simplified to a Rayleigh

wave equation
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uo-u=eo -3, (1.49)

pade Yoo ©DQ * CLI pade
2mpcA ¢ 27 PcA

where ¢ = éa is a small, positive parameter. In the
next section equation (1.4.9) subject to the boundary values u(0,t) = u(m,t) = 0 and the
initial values u(x,0) = wq(x) and uz(i,O) = wjy(x) will be studied, where wq(x)
and w l(i) can be regarded as the initial displacement and the initial velocity of the con-
ductor in vertical direction respectively.

It is worth noticing that in the early seventies ([22]) an equation similar to equation
(1.4.9) has been postulated to describe the galloping oscillations of overhead transmission
€

3 u':’ represent forces tending to
t

increase and decrease respectively the magnitude of the oscillation-amplitudes. In this

lines. In that paper it has been assumed that eu_ and -
t

section it has been shown that this simple model can be derived using aerodynamical

arguments.
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1.5. An asymptotic approximation of the solution of a Rayleigh wave equation

In this section the following initial-boundary value problem for a twice continuously dif-

ferentiable function u(x,t) will be considered

utt‘“xx"'f('“t*’;’“%) =0, O<x<mt>0, (1.5.1)
u(x,0) = ug(x) = a, sin nx, O<x<m, (1.5.2)
u(x,0) = uy(x) = by, sin nx, O<x<m, (1.5.3)
u(0,t) = u(m,t) =0, t>0, (1.5.4)

where aj, and by, are constants, n an integer and 0 < ¢ << 1. From theorem 1.2.1 it follows
that this initial-boundary value problem is well-posed on J, (given by (1.2.13)). In [4] a
similar initial-boundary value problem has been considered with n = 1, a; = 2 and
b, = 0. However, in that paper the asymptotic validity of the formal approximation has
not been given. In this section for arbitrary n, a, and by an asymptotic approximation (as
¢ — 0) of the solution of (1.5.1)-(1.5.4) will be constructed. In view of computational dif -
ficulties (as has been noticed in [18]) whenever one assumes an infinite series representa-
tion for the solution of the nonlinear initial-boundary value problem, one may alter-
natively investigate the problem in the characteristic coordinates o = x - t and £=x +t.
In this approach the initial-boundary value problem (1.5.1)-(1.5.4) is replaced by an
initial value problem. This replacement requires to extend the dependent variable u(x,t)
as well as the initial values ug(x) and uy(x) in x to odd and 2w-periodic functions. For
simplicity the extended functions will be denoted by the same symbols. In constructing an
approximation of the solution u(x,t) = u(0,£) of this initial value problem a two-timescales
perturbation method will be used, since the straightforward perturbation expansion

Ug(0,¢) + euy(o,€) + .. causes secular terms. Applying the two-timescales perturbation
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method u(x,t) is supposed to be a function of 0 = x - t, £ = x + t and 7 = ¢t. By putting

u(x,t) = v(o,£,7) the following initial value problem for v is obtained

-4vge + 2e(Ver - Vor) + ezv,.,. +e€ (Va - Ve-evp+ _;('Vo + Ve + evf)3) =0,

for ~oo <0< € <00, 7> 0, (1.5.5)
v(0,§,7) = ug(o) = a, sin no, for -oo<o=¢ <00, 7=0, (1.5.6)
-v(0,6,7) + ve(a,f,r) + €vy(0,€,7) = uj(0) = by, sin no,

for -co<o=¢ <00, 7 =0. (1.5.7)

Furthermore, it is assumed that v may be approximated by the formal perturbation ex-
pansion v((0,£,7) + ev(0,6,7) + ezvz(a,f,r) + ... . By substituting this approximation into
(1.5.5)-(1.5.7), and after equating the coefficients of like powers in e, it follows from the

powers 0 and 1 of ¢ that v( should satisfy

—4V0a6 =0, ~00<0<€&<oo, 7T>0, (1.5.8)
vo(0,€,7) = ug(o) = a, sin no, —o<o=€<00, T=0, (1.5.9)
—voa(a,f,r) + vof(a,f,r) =uy(0) =bpsinno, -oco<o=¢<o0,7=0, (1.5.10)

and that v should satisfy

1
-4vla£ = ZVOUf - ZVOET - (Voa “VOet 3 (-voa + v0£)3]

for ~-co <o <€ <00, 7> 0, (1.5.11)
vi(o,¢,7) =0, ~o<o=§€<o00, 7=0, (1.5:12)
—vla(a,f,r) + vls(a,f,r) = -vOT(o,f,T), ~oo<o=¢<00, 7=0. (1.5.13)

In the further analysis v and v| will be determined, and it will be shown that on J,
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u(x,t) = vo(x-t,x+t,et) + ev(x-t,x+t,et) is an order e asymptotic approximation (as ¢ — 0)
of the solution u(x,t) of the initial-boundary value problem (1.5.1)-(1.5.4).

The general solution of the partial differential equation (1.5.8) is given by vo(o,é,7) =
= fo(o,7) + gg(€,7). The initial values (1.5.9) and (1.5.10) imply that fo and gg have to
satisfy f((0,0) + gg(0,0) = ug(o) and —f(;(a,O) + g(')(o,O) = uj(0), where the prime denotes
differentiation with respect to the first argument. From the odd and 27-periodic exten-
sion of the dependent variable of problem (1.5.1)-(1.5.4) it follows that fo and gg also
have to satisfy gg(o,7) = -fp(-0,7) and fo(o,1) = fg(o+2m,7) for -c0 < 0 < 00 and 7 > 0.
The undetermined behaviour of fo with respect to 7 will be used to avoid secular terms
in vy. From the well-posedness theorem it followed that u, u¢ and uy are O(1) on Jy.. So,
v and its first derivatives have to remain O(1) on -c0 < x < oo and 0 < t < Lig-1.
Furthermore, it should be noticed that the equations for vy and v have been derived
under the assumption that vq, vy and their derivatives up to order two are O(1). These
boundedness conditions on v( and v determine the behaviour of f 0 With respect to 7.

From (1.5.11)-(1.5.13) Vig and v1£ may be obtained easily. For instance,

—4v10(a,§,'r) = —4vl0(a,a,r) +(¢-0) (Zfom(o,r) - foa(a,r) + %fgo(a,r)) +

¢ 2 ¢ 2
+ foo.(0$T) IU g00(0sr)d0 + Io {'2g061.(051-) + gOe(gaT) - foa(aar)g()o(o’r) +

1 3
- 3 80,6} 46 + hio,m), (1.5.14)

where h will be determined later on. Since the first integral in (1.5.14) contains a non-
negative and 2w-periodic integrand it follows that this integral will grow with the
length £ - o of the integration interval. It turns out that this integral can be written in a

part which is O(1) for all values of o and ¢ and in a part which is linear in ¢ - o
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3 ¢ 27
2 2 1 2
[ ebponas= [ dsbom -5 [ sbmnat oo +

2n
+ 5522 et o,

Noticing that ¢ - o = 2t it follows that £ - o is of O(|¢|~ 1y on a time-scale of 0o(l¢-1). So,
Vig will be of O(l¢-1) unless fo and gg are such that in (1.5.14) the terms of o(d-1
(that is, terms 'linear in ¢ - o) disappear. It turns out that both v 1y and vy ¢ are O(1) on a
timescale of O(|e|'1) if fo and g() satisfy the following two conditions

27
1.3 1 2
2f001' - f()a +3 foa + foa S jO goo(G,T) déd = 0, and

Vs
1 3 1 2
-2g0€1. + g0€ - —3 gOf = S()E W .[0 foe(ﬂ,r) de = 0.

From gg(6,7) = -fo(-4,r) it follows that these two conditions are equivalent. So, Vig and

vl€ are both O(1) on a time-scale of O(l¢|~ lyif fo satisfies

2n
1 2
260,, - f0,+ 3 10, * 10, 3 .[o £0,(6.7) 6 = 0. (15.15)

In [4] an equation similar to equation (1.5.15) has been solved. If the method introduced
in [4] is applied to equation (1.5.15) one obtains after some calculations f((o,7), and so
vo(o,€,7) = folo,7) - fo(-£,7). It turns out that f and v are given by

cné(n) 7! /2

folo,7) = arcsin [1 + Cod(n)

;17/2() sin(@ + no) | + k(r), (1.5.16)
n T
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G . cné(7) 1/2 .
vo(o,6,7) = o120 arcsin [—l + b (D ] sin(a + no) | +
- arcsin [l—c%]l/z sin(e - né) |}, (1.5.17)

where k(r) is an arbitrary function in 7 with k(0) =0, 0=x - t, { =x +t, 7 = et,

2.2 1/2 1/2

Cp=n"ap + b%l, a given by cosa = nanc;1 and sina = bnc;l , and X(7) and ¢(7) are

implicitly given by A(r) = 4e7/2m=3(r) and $(r) = 2L (m(r) - 2) with m(r) determined
8 26c 3.8 ‘n
by m8(r) - Kl m’(r) = 3 =5

Now the linear initial value problem (1.5.11)-(1.5.13) can be solved, and it turns out that

D eT- 1)+
v1 is given by

13 27
vi@.&n =1 (folon) - fo(-£1) L £3,0.1) - 5= Io £, 0) dv L d

¢ 2w
. jc £0,0.1) - 5= fo f%¢(w,r) apt (£0(0,0) - fo(-0.0)) 6 +

+ f(o,7) + g1(€,7), (1.5.18)

where f( is given by (1.5.16) and where (for 0= ¢and 7 = 0) f + g is determined by
the initial values (1.5.12) and (1.5.13). The undetermined behaviour of f 1 and g) with
respect to 7 can be used to avoid secular terms in v'2. However, in this analysis vy will
not be determined. For that.reason it may be assumed that f] = f(o) and g = g1(é), and

then
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¢
F10) + 810 = - 5 [ (£0,(0.0) + g,(4,0)d0 =

b - 24 222 _ b3
= _f; (30"—25.2 (sin(n¢) - sin(no)) + (3n :;125 n) (sin(3n¢) - sin(3no))
n .

It can be shown from (1.5.17) and (1.5.18) that vp,v| and their derivatives up to order
two are of O(1) on Ji.. So, the assumptions under which the equations for vp and v have
been derived, are justified. So far a function vp(0.€,7) + evy(o,7) = v(o,£,7) =
= V(x-t,x+t,et) = u(x,t) has been constructed. It can easily be seen that u(x,t) satisfies
(1.5.2) and (1.5.4) exactly, and (1.5.3) up to order €2 in the sense of theorem 1.3.1. After
rather lengthy, but elementary calculations it can also be shown that u(x,t) satisfies (1.5.1)

ac
S+ € C(10,7] x [0.LId"1] x [~¢g.c0], R) with ¢(0,t¢) =

up to ezc](x,t;e), where ¢y, ax

=cy(mte)=0 for 0 <t < Li¢-1. Furthermore, ¢| and aac—xl are uniformly bounded in .
Then it follows from theorem 1.3.1 that u(x,t) is an order ¢ asymptotic approximation (as
€ — 0) of the solution of the initial-boundary value problem (1.5.1)-(1.5.4) for
(x,t) € Jp, that is I|u—ﬁ|IJL = O(e). From this estimate the following estimate can be

obtained

lu-volly, = Nu-isi-volly < Nu-illy + vy I = 0

Hence, vp(x-t,x+t,et) given by (1.5.17) is also an order ¢ asymptotic approximation (as
€ — 0) of the solution u(x,t) of problem (1.5.1)-(1.5.4) for 0 < x <mand 0 <t < Le~1, in

which L is an e-independent, positive constant.
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1.6. Some general remarks

The asymptotic theory presented in this chapter may directly be applied to initial value
problems for weakly nonlinear wave equations. The well-posedness of these problems on
the infinite domain -oo < x < oo and the asymptotic validity of formal approximations
may be established on a time-scale of order |e|-1/2. This time-scale follows from the
integration over the characteristic triangle (with an area of O(tz)) in the integral
equation, which is equivalent to the initial value problem. In some special cases (for
instance, if (1.5.1)-(1.5.3) is considered as an initial value problem on -o0 < x < o0) a
time-scale of O(|e|‘1) can be obtained. However, the question remains open if for general
initial value problems (that is, problems like (1.2.1)-(1.2.3) on -o0 < x < oo) the well-
posedness in the classical sense can be established on a time-scale of O(l¢~1). To obtain
such a time-scale one has most likely to use a different function space, perhaps a suitable
Sobolev space.

In [4,18] formal approximations of the solutions of a number of initial value and initial-
boundary value problems for weakly nonlinear wave equations have been constructed. In
those references the asymptotic validity of the formal approximations has not been
investigated. However, the asymptotic theory presented in this paper can be used success-
fully to justify those results, that is, estimates of the differences between the exact solu-
tions and the formal approximations can be given on e-dependent time-scales. It is also
interesting to mention that only smoothness conditions are required (see (1.2.6)-(1.2.8))
and that no other assumptions are made about the nonlinear perturbation term F. Thus,
the asymptotic theory preseénted in this chapter is applicable to those initial-boundary
value problems whose solutions, while being bounded at times of O(Iel'l), could even-
tually become unbounded. Such, for example, is the case for the initial-boundary value

problem (1.2.1)~(1.2.4) with F = ~u3and 0 < ¢ << 1.
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In section 1.3 the condition m > 1 is introduced. It should be noted that this condition for
the asymptotic validity of formal approximations on a time-scale of O(Iel“l) is a suffi-
cient, but not a necessary one as can be seen from section 1.5. The asymptotic approxima-
tion v (which is valid on a time-scale of O(j¢~ 1)) satisfies the partial differential eqﬁa—
tion and the initial values up to order ¢, that is m = 1. It may be remarked that ugx,t) =
= (an cos nt + b—: sin nt] sin nx, which is the solution of the linear initial-boundary
value problem (1.5.1)-(1.5.4) (that is, (1.5.1) with e = 0), also satisfies the weakly non-
linear partial differential equation and the initial values up to order e. In general uy will
not approximate the exact solution of the nonlinear initial-boundary value problem on a
time-scale of O(l¢~1). However, on a smaller time-scale the asymptotic validity of uy can
easily be established, that is, it can be shown using the methods discussed in sections 1.2
and 1.3 that |u(x,t) - ugx,t)| < |e|Mt, where M is a constant independent of e. This
inequality implies u(x,t) = ugx,t) + O(|e|1-®) for 0 < x <mand 0 <t<L |e] - with
0 <a< 1. From the asymptotic validity of uy on a time-scale of order |e|-® with
0 <@ < 1 it follows that whenever one wants to study the effect of the small (e-depen-
dent) and nonlinear terms in the partial differential equation, one has to construct
approximations with a validity on a time-scale of order |e|-1.

In a number of papers [4,20,22,23] initial value and initial-boundary value problems for
the Rayleigh wave equation have been studied by constructing formal approximations of
the solutions or by deriving some properties of the approximations for large times. An
interesting result (without an asymptotic justification) has been found in [20]. For a
rather general class of initial values it has been shown in [20] that the first order
approximation tends to a superposition of standing triangular waves as et — co. How the
solution tends to these standing triangular waves can be determined by solving a non-
linear integro-differential equation. It is not made clear in [20] how to solve the integro-

differential equation, but it is the author’s opinion based upon the results in this chapter
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and in [4] that only for a restricted class of initial values, such as (1.5.2) and (1.5.3), this
equation may be solved analytically.

As can be seen from (1.5.17) v also tends to a standing triangular wave (with amplitude
% v/3 and period %1”—) as et — oo. However, it should be emphasized that nothing can
be said about the asymptotic validity of v( as et — oo, since only for finite et (that is,
0 < |et] < L < 0o) the asymptotic validity of vq could be established.

In [9] it was concluded from the behaviour of the first order approximation as et — oo
that the Rayleigh wave equation (postulated iﬂ [22]) is not a good model for galloping
oscillations, since the approximation allows at least one and possibly infinitely many sharp
bends. From a mathematical point of view the validity of this conclusion is rather doubt-
ful since only for finite et, that is for |et| < L < oo, the asymptotic validity of the
results has been obtained so far. And on this finite time-scale the solution and the
asymptotic approximations are at least two times continuously differentiable with respect
to the independent variables if the initial values are sufficiently smooth.

In section 1.5 monochromatic initial values have been considered which applies to the de-
scription of galloping oscillations, because these oscillations often affect only a single
mode of vibration. To obtain some information about the maximum oscillation-amplitudes,

the following formula may be used

Lv
w0 =S a0- 00 (G)2 S uGn 0,

where w(x,t), pc, 8, T, a, b, £, Voo, C and u (-% X, l:— t] are defined as in section 1.4.
The first term in this formula may be considered as the position of the conductor in rest,

whereas the second term represents the change of the position of the conductor due to

galloping. From (1.5.39) it follows that the maximum amplitude of u (—1; X, _1_rzc_ t] for

_m
2n

€t — oo is V3. So, the maximum oscillation-amplitude of w(x,t) may be approximated



36

by

1/2
] 7l'V°° 2
J 2¢c  nr

“°D0 - L1

1 1
3C°D0 + g CL1 *+CL3

where ﬁ is the frequency of the monochromatic initial values and where ¢pg, ¢1,1 and
cL3 are the aerodynamic coefficients, which may be obtained from wind-tunnel
measurements.

Finally, it should be noted that the two-timescales perturbation method is applicable to
perturbations not solely depending on derivatives of the dependent variable, but also
applicable to perturbations depending in a special way on the dependent variable and its
derivatives. Consider for instance the initial-boundary value problem (1.2.1)-(1.2.4) with
f(x,t,u,ug,uye) = (-1 + u2)ut. The partial differential equation (1.2.1) can then be con-
sidered as a generalized Van der Pol equation. As is well-known this equation is related
to the Rayleigh wave equation, which has been introduced in section 1.4 and treated in
section 1.5. Again a two-timescales perturbation method can be used to construct an
asymptotic approximation of the solution. The equation for f 0(o,7) now becomes

27
1.2 1 2
260, - fo, + 5 f3f0, + o, 2= fo £5(6,7) d6 = 0,

which can be integrated with respect to 0. As in section 1.5 an order € asymptotic

approximation can be constructed on a time-scale of order |e] -1.
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CHAPTER 2

ON INITIAL-BOUNDARY VALUE PROBLEMS FOR WEAKLY SEMI-LINEAR

*
TELEGRAPH EQUATIONS. ASYMPTOTIC THEORY AND APPLICATION )

Abstract

In this chapter an asymptotic theory for a class of initial-boundary value problems for
weakly semi-linear telegraph equations is presented.

The theory implies the well-posedness of the problem and the validity of formal approx-
imations on long time-scales. As an application of the theory an initial-boundary value
problem for the equation u it " Ugg tUY eu3 = 0 is considered. To construct an O(e) ap-

proximation of the solution of this problem a two-timescales perturbation method is ap-

plied.

*) This chapter is a revised version of a paper [11] by the author of this thesis and
A.H.P. van der Burgh.
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2.1. Introduction

In this chapter an asymptotic theory is presented for the following initial-boundary value

problem for a nonlinearly perturbed telegraph equation:

U -u  tus eF(x,t,u¢) = 0, O<x<mt>0, (2.1.1)
u(x,0) = uo(x;e) and ut(x,O) = ul(x;e), O<x<m, (2.1.2)
u(0,t) = u(m,t) =0, t>0, (2.1.3)

where 0 < |e¢] < €y << 1 and where the functions F, Uy and u, have to satisfy certain
smoothness properties, which are mentioned in section 2.2.

The main problems which are studied in this asymptotic theory are the well-posedness of
the problem and the asymptotic validity of formal approximations. The classical question
of the well-posedness of a problem involving a small parameter has from asymptotical
point of view an interesting aspect, which has been studied only in recent years.

In order to make clear what is meant by an interesting aspect, consider problem (2.1.1)-
(2.1.3) with ¢ = 0 and € = 1. For € = 0 it is easy to prove existence and uniqueness of the
classical solution, that is a solution which is two times continuously differentiable with
respect to x and t, on the semi-infinite strip 0 < x < 7 and t > 0. However, when e = 1
only a local theory may be given which states that a unique solution exists for 0 < x <«
and 0 <t < T = O(l). It can be shown that when ¢ € [-eo,eo] T = T(¢) where T(e) — oo
for ¢ — 0. Now the conjecture in the literature [6,20,27] is that T = O(Iel_l). The con-
jecture is based on the assumption that u(x,t) may be expanded in eigenfunctions:

u(x,t) = ; un(t) sin nx where un(t) (n = 1,2,..) are the solutions of an initial value
problem fxcl:la system of an infinite number of ordinary differential equations. As is

well-known an initial-value problem for an analogous, finite-dimensional system of or-
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dinary differential equations has a unique solution on a time-scale of O(]e¢| -l). However,
it is by no means clear that from this fact the existence of a unique classical solution for
problem (2.1.1)-(2.1.3) follows on the time-scale of O(]¢| _l). Another crucial step in this
approach, which is not mentioned in the literature, is to show that the infinite series,
which is supposed to represent the solution of problem (2.1.1)-(2.1.3), converges uni-
formly on a time-scale of O(|¢| -l). From this it may be concluded that the proof of the

conjecture still has to be given. In this chapter a weaker result namely that T = O(|¢| -1/2

)
will be proved. Extending the initial-boundary value problem to an initial value prob-
lem, this proof may be given by applying Banach’s fixed point theorem to the (with the
initial value problem) equivalent integral equation, which involves as kernel a uniformly
bounded Bessel function of the first kind and order zero. The O(]¢| -1/ 2) time-scale is a
consequence of the integration over a triangle-shaped region with an area of O(tz). In
this chapter reflection principles are applied such that the integration over the aforemen-
tioned triangle can be reduced to an integration over a strip with an area of O(t). How-
ever, the integral equation obtained in this way involves an O(t) kernel, which may be
identified as a Green’s function. It may be concluded that if one wishes to obtain an
O([el-l) estimate for the time-scale one has probably to use a different technique and
one has most likely to introduce supplementary conditions on the nonlinear term F. It
looks like that this has been done recently in [19]. In this preprint some results are given
on the existence and uniqueness of solutions for initial-boundary value problems, related
to the type of problems discussed in this chapter. If the nonlinear term F satisfies some
supplementary conditions the author of the preprint claims that in a suitable Sobolev
space existence and uniqueness can be established on an O(Je| - l) time-scale.

The remarks made above on the problem of the estimate of the time-scale also apply to
the domain where continuous dependence of the solution on the initial values has to be

established. One may roughly say that in proving continuous dependence of the solution
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on the initial values one has to show that small p perturbations of the initial values
correspond to small § perturbations in the solution on the O(|¢| -1/ 2) time-scale where
8§ — 0 when u — 0. This problem is closely related to the problem of showing that formal
approximations u(x,t), which are functions which satisfy the partial differential equation
and the initial-boundary conditions up to some order depending on the small parameter e,
are indeed asymptotic approximations of the solution of problem (2.1.1)-(2.1.3), that is,

on the O(|¢| _1/2) time-scale
Ju(x,t) - u(x,t)] = O(), where § — 0 for € — 0.

An interesting problem to study in asymptotics is the determination of the so-called order
function § = &(¢). In the theory of ordinary differential equations these problems have
been studied extensively (for instance in [2], one of the first papers dealing with these
problems, and in [25] where a fairly complete review including references is given).
However, in the theory of partial differential equation of the evolution type only little is
known. In [3,8] some results are given for initial value problems and in [4,17,18,20] the
problems outlined above are mentioned but not solved.

This chapter being an attempt to contribute to the questions outlined above, is orgénized
as follows. In section 2.2 the well-posedness of the problem is investigated and established
on the O(|¢| -1/2) time-scale. In section 2.3 the asymptotic validity of formal approxima-
tions is studied. It is remarkable that an estimate is obtained by a technique based on the
use of an auxiliary function and an integral inequality. This technique was introduced in
[2] for ordinary differential equations and applied to initial value problems for evolution
equations in [3].

In section 2.4 the asymptotic theory is applied to the special example F(x,t,u) = u3. Asa

method to construct a formal approximation, which is also an asymptotic approximation, a
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two-timescales perturbation method is used. Application of this method yields an initial
value problem for a system of infinitely many nonlinear first order ordinary differential
equations. In [17] for the case that F = u - % u‘: a similar infinite system has been
solved exactly, which is judged to be rare in [18]. In this chapter the obtained infinite
system for the case F = u3 is solved exactly, which also requires rather tedious calcula-
tions. On the basis of this result and the results obtained in [6] and [17] one may conclude
that the applicability of the method is not restricted to some special cases, but applies to a
general class of perturbations F with a polynomial structure in the dependent variable.
Finally in section 2.5 some concluding remarks are made on the results obtained in this
chapter.

Preliminary studies show that the asymptotic theory so far established can be extended to
perturbations F which depend on derivatives of the dependent variable. This extension

includes initial value and initial-boundary value problems for the weakly nonlinear

telegraph and wave equations.
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2.2. The well-posedness of the problem

In this chapter the following weakly semi-linear initial-boundary value problem for a

twice continuously differentiable function u(x,t) is considered.

U -u  tuH eF(x,t,u;e) = 0,

u(x,0) = uo(x;e),
u,(x,0) = u, (xse),
u(0,t) = u(m,t) =0,

with 0 < ]¢|] <€, << 1, and

0

where F, Uy and u, satisfy:

dF JF
F, ’é_x_’ a_u € C([O,'K]X[O,OO)X]RX[-CO,EO],]R)

with F(0,t,0;¢) = F(m,t,0,¢) =0 fort> 0,

8u0 azuo
Yo ax > 52 € U0l B

with uO(O;e) = u0(1r;e) = u'(')(O;e) = u'(')(r;e) =0, and

aul

O<x<mt>0,
O<x<m,
O<x<m,

t>0,

U % € C([O,w]x[-eo,eo], IR) with ul(O;e) = u1(1r;e) = 0.

Furthermore, F is assumed to be uniformly bounded for those values of t

under consideration.

(2.2.1)
(2.2.2)
(2.2.3)
(2.2.4)

(2.2.5)

(2.2.6)

(2.2.8)

(2.2.9)

In order to prove existence and uniqueness in the classical sense of the solution of the
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initial-boundary value problem (2.2.1)-(2.2.4) an equivalent integral equation will be
used, which has been derived in appendix 2A.

This integral equation is given by
t m
ue = [ [ GlenxoFErnuevdr +
by
+ J 0 {uo(E;e)GT(E,O;x,t) - ul(f;e)G(E,O;x,t)} d¢ = (Tu)(x,1), (2.2.10)
where the Green’s function G is given by:
1/2

G(g,nx,t) = ) +

=

3 H(t-1'-£«l-2k7r—x)H(t—1'+£—2k1r+x)10([(t—1')2 - (£-2k1r+x)2]
keZ

- H(t-T+E+2k7r-x)H(t-r-f-2k7r+x)JO([(t-r)2 - (e+2kr-x)27V/ 2)}, 2.2.11)

in which J 0 is the Bessel function of the first kind of order zero and in which H(a) is a
step function which is equal to 1 for a > 0, —é- for a = 0 and zero otherwise. From the in-
tegral equation (2.2.10) it follows that the solution u ¢ of the linear initial-boundary value

problem (2.2.1)-(2.2.4) (that is with F = 0) is given by

s
ux,0) = Io {v6€9G, €00 - v (€9G(E0x,0 } de. (22.12)

In the further analysis the abbreviation ue(x,t) will be used.
In proving existence and uniqueness of the solution of the nonlinear integral equation

(2.2.10) a fixed point theorem due to Banach-Caccioppoli will be used. Let

D, = {(x,t)los x<m, 05tsL|e|‘l/2}, (2.2.13)
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in which L is a sufficiently small, positive constant independent of e.
Let CM(DL) be the space of all real-valued continuous functions w on DL with norm

l-ll 5 defined by
L

wl p. =  max | w(x,t)] < M.
L (x,t)EDL

It is not difficult to show that T maps CM(DL) into the space of continuous functions on
DL' In order to prove that T maps CM(DL) into itself an estimate of the Green’s function
G(¢,7;x,t) should be obtained for 0 < £ < m, 0 < 7 < tand fixed x and t. In figure 2.2.1
some properties of the Green's function G(¢,r;x,t) are given in the (¢,7)-plane. In this
figure the characteristics from the point (x,t) and the reflected characteristics at the
boundaries ¢ = 0 and ¢ = 7 are drawn. These (reflected) characteristics divide the region
V= {(E,r)lo <é<mT> 0} into a finite number of subregions. In each subregion only a
finite number of Bessel functions is defined by definition (2.2.11) of G(¢,7;x,t). From
this definition it follows that G(¢,7;x,t) = 0 in V if t-7+{-x < 0 or t-7-£+x < 0. In figure
2.2.1 also the number of Bessel functions in each subregion of V is given.

From the fact that the Bessel function of the first kind of order zero is not periodic and
is equal to one if its argument is equal to zero, and from (2.2.11) it follows that an esti-
mate of G(¢,7;x,t) can be made which is linear in t. This estimate is based upon the num-
ber of Bessel functions in each subregion. For 0 < £ < 7 and 0 < 7 < t it then follows that

|G(¢,m;x,t)| < (number of Bessel functions in each subregion’) <

<

-% (t-r47) = —}r (t-r+7). (2.2.14)

It should be noted that no sharper estimate of G(¢,7;x,t) could be made so far. Neverthe-

less, the question remains open if one can establish an estimate sharper than an estimate
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t-T+ E—QTU—X:O

/

e

Figure 2.2.1.

linear in t.
Since Uy and u | are sufficiently smooth and uniformly bounded for those values of x and

€ under consideration, there exists a constant M1 independent of € such that
loll, <5M (2.2.15)
4 DL = 2°r

From the smoothness properties of F it follows that there are constants M2 and M3 both

independent of ¢ such that

| F(x,t,w;e)] < M2 and (2.2.16)

IF(x,t,w 36) - F(x,t, w6 <My [[w, -w, Il D (2.2.17)
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and w L).

for all (x,t) € DL’ €€ [-eo,eo] and w, W 5 € CM

(D
1
Using (2.2.10), (2.2.13), (2.2.14), (2.2.15) and (2.2.16) it can be shown that T maps

CMI(DL) into itself.

t .7
I(Tw)(x,0) < e f 0 I o CERRDFEnwEededr| + jufx.0l <

<lel M ' ﬂ—l-(t—r+1r)d€dr+—lM <
- 2)olJo 7 27717

1.2 1 1.2 1/2 1
< lelM, (3t +wt] +3M15M2(3L + 7Le| / ] + 2 M.

Taking the constant L such that M2 (—é L2 + wL|¢| 1/2] < —; Ml it follows that

Tw |l D, <M, for all w € CMI(DL)’

Hence, T maps CM (DL) into itself. Using (2.2.10), (2.2.13), (2.2.14) and (2.2.17) it will
1

be shown that T is a contraction on CMI(DL)‘ Let w 1 and Wy € CMI(DL)’ then

1T, Twy I, <

< max

(x,€D| ) f :) J : GO FEr,w, €75 - Fler.wy(6,1%0) } dedr] <

1.2 172
<M, [EL + wL|¢| / ) Il W W, "DL.

Taking the constant L such that M2 (—é L2 + wL|€| 1/2] < —; Ml and

M, (3 L% + #Liel"/2) <k with 0 < k < 1, it follows that



47

"TWI-TW <k ||wl-w with 0 <k < L.

I I
2o, 2llp.

Then, Banach-Caccioppoli’s fixed point theorem implies that T has a unique fixed point

w e CMI(DL), that is, a continuous function w on DL

From appendix 2A formula (2A.1) it easily follows that T: C — C1 and T: C1 — C2.

satisfying the integral equation.

Hence, the solution u(x,t) of the integral equation (2.2.10) and so the solution of the
initial-boundary value problem (2.2.1)-(2.2.9), is two times continuously differentiable
on DL' Now, it will be shown that the solutioﬁ of the initial-boundary value problem
depends continuously on the initial values. Let u(x,t) satisfy (2.2.1)-(2.2.4) and let u(x,t)

satisfy (2.2.1), (2.2.4), u(x,0) = ﬁo(x;e), Gt(x,O) = ﬁl(x;e), where u, and ‘_‘1 satisfy (2.2.7)

0

and (2.2.8). Using (2.2.10), (2.2.13), (2.2.14), (2.2.17) and assuming u and u € CM (DL),
1

one obtains
ueeo-aeol <e [ [ Genmo{Feruena - Feriemna} dedr] +
o, ) ; o,
+ |lu,~u, || <lel M (t+1r)J max |u(¢,7)-u¢,n)|dr + ||u,-u s
ellp, 3 0 oceen celip,
- W - -
where i (x,t) = j . {c,€om g0 - G003 (€9} de.
Since the right-hand side of the inequality is independent of x, the maximum for x on

the left-hand side can be taken, then using Gronwall’s lemma, and one obtains after

taking the maximum for t that

lu-ullpy <My fluu,llp
DL 4 £ L DL

where M 4 is a positive, bounded constant independent of e. Since the solution u, of t
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linear initial-boundary value problem (2.2.1)-(2.2.4) with F = 0 depends continuously on
the initial values, it follows from this estimate that also the solution of the weakly non-
linear initial-boundary value problem (2.2.1)-(2.2.4) depends continuously on the initial

values. So, the following theorem on the well-posedness of the problem can be formulated.

Theorem 2.2.1

Suppose that F, Uy and u, satisfy the assumptions (2.2.6)-(2.2.9). Then for any e satisfy-
ing (2.2.5), the nonlinear initial-boundary value problem (2.2.1)-(2.2.4) and the equi-
valent nonlinear integral equation (2.2.10) have the same, unique and twice continuously
differentiable solution for 0 < x < w and 0 <t < Lj¢| _1/2, in which L is a sufficiently

small, positive constant independent of e. Furthermore, this unique solution depends con-

tinuously on the initial values.
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Since the initial-boundary value problem (2.1.1)-(2.1.3) contains a small parameter € per-

turbation methods can be applied in order to construct approximations. In most perturba-

tion methods for weakly nonlinear problems a function is constructed that satisfies the

differential equation and the initial conditions up to some order depending on the small

parameter e. Such a function is called a formal approximation. To show that this formal

approximation is an asymptotic approximation (as € — 0) requires an additional analysis.

Suppose that a twice continuously differentiable function v(x,t) is constructed on DL (DL

is given by (2.2.13)) satisfying:

. — m .
Vie " Vxx TV + eF(x,t,v;e) = | €] cl(x,t,e),
. m . — .
v(x,0) = uo(x,e) + |l cz(x,e) = vo(x,e),
v,(%,0) = u, (x56) + e Teg(xie) = v, (),

v(0,t) = v(m,t) =0,

where ¢, F, Uy and v, satisfy (2.2.5)-(2.2.9) and where s € and ¢, satisfy:

ac

¢\ S € C([0,7Ix[0,00)x -¢ R)

O’EO]’

with cl(O,t;e) = cl(7r,t;e) =0 fort>0,

2
"2’ 9x 6x2

€ C([0,7]x[-¢€ R)

anols

with c2(0;e) = c2(1r;e) = c'é(();e) = c"2(7r;e) =0, and

O<x<mt>0,m>1,
O<x<m,
0<x<m,

t>0,

2 3

(2.3.1)
(2.3.2)
(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)
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ac
c3 FS € C([O,w]x[-eo,eo], R) with c3(0;e) = c3(7r;e) =0. (2.3.7)

Furthermore, , is assumed to be uniformly bounded for those values of t
under consideration. (2.3.8)
Let F(x,t,v;e) = F(x,t,vie) - lelm-lcl(x,t;e) (2.3.9)

and let v, be given by

s
v = | o {70®96 om0 - v (606, 0x.0} de. (2.3.10)

Supposing that v, satisfies (2.2.15) and ; satisfies (2.2.16) and (2.2.17), it follows from
theorem 2.2.1 that the initial-boundary value problem (2.3.1)-(2.3.4) has a unique, twice
continuously differentiable solution v(x,t) on DL‘ Using the result of appendix 2A the
initial-boundary value problem (2.3.1)-(2.3.8) can be transformed into the equivalent in-

tegral equation

t 7 ~
v(x,t) = ¢ JO IO G(&,nx,)F(¢,7,v(¢,7)e)dédT + ve(x,t), (2.3.11)

where G, F and v, are given by (2.2.11), (2.3.9) and (2.3.10) respectively. Now, it will
be shown that the formal approximation v is an asymptotic approximation (as e — 0) for
the solution of the initial-boundary value problem (2.2.1)-(2.2.9) if m > 1, that is, it will

be proved that

lim |u(x,t)-v(x,t)] =0 for m> 1 and (x,t) € D

e—0 L

Since the functions s <y and c5 satisfy (2.3.5)-(2.3.8) there are bounded constants kl,
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k2 and k3 such that: Icl(x,t;e)| < kl’ |cz(x;e)| < k2 and |c3(x;e)l < k3 for all x, tand ¢
under consideration. Subtracting the integral equation (2.3.11) from the integral equation

(2.2.10), using (2.2.11), (2.2.13), (2.2.14), (2.2.17) and the fact that u and v € CM (DL),
1

it follows that

uGD-v(01 < ¢ j; [ Germo{Feruen - Fervena) der +
t . m .
+ ||e|m JO Jlo G(&,mx,t)c, (€,me)dédr| +
+1e™ I: {896 (€.0:x,0) - e5(€G(E0x.D } de] <

t
< |~s|(t+1r)M3 IO 0mfax Ju(¢,r)-v(¢,7)|dr + |5|mt(t+1r)k1 +
<g<7

+ |e|m(4k27r + 2K t(t+m) + 2ky(t4)) <

t

< |e|(t+1r)M3 J max |u(x,7)-v(x,r)|dr + |e|m-lk,
0 0<x<m

. . 2 1/2 .

in which k = L (kl+2k2) + €l L(1rkl+2k21r+2k3) + 2wle|(2k2+k3) < oo. Since the

right-hand side of the inequality does not depend on x, the maximum for x on the left-

hand side can be taken, and after using Gronwall’s lemma it follows that

max |u(x,t-v(x,t)] < Ieim-lk exp(lelt(t+1r)M3) < l_<|e|m-l onD,,
O<x<m

where l-< = k exp(L(L + '1r|e|1/2)M3) < oo. Hence, |u(x,t)-v(x,t)| = O(Ielm_l) for

O<x<mand0<t<Lje /2

.So, for m > 1 the function v is an asymptotic approxima-
tion (as ¢ — 0) of the solution u of problem (2.2.1)-(2.2.9). The following theorem has

now been proved.
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Theorem 2.3.1

Let v satisfy (2.3.1)-(2.3.4) where ¢, F, u, and u, are given by (2.2.5)-(2.2.9) and where
1 Sy and c3 satisfy (2.3.5)-(2.3.8). Then for m > 1, the formal approximation v is an
asymptotic approximation (as € — 0) of the solution u of the nonlinear initial-boundary
value problem (2.2.1)-(2.2.9). The asymptotic approximation v is valid for those values of
the independent variables x and t for which problem (2.2.1)-(2.2.9) has been proved
well-posed. That is,

1/2

3

lu(x,)-v(x,0)] = O(lel™ 1) for0<x<mand0<t<Lie”

in which L is a sufficiently small, positive constant independent of e.
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2.4. An asymptotic approximation for a special case

In this section an asymptotic approximation of the solution of the initial-boundary value
problem (2.1.1)-(2.1.3) with F(x,t,u;) = u3 will be constructed using a two-timescales

perturbation method. The following initial-boundary value problem will be considered:

3
U -u tuteu =0, O<x<mt>0,0<]e] << 1, (24.1)
u(x,0) = uo(x), 0<x<m, (2.4.2)
ut(x,O) = ul(x), O<x<m, (2.4.3)
u(0,t) = u(m,t) = 0, t>0, (2.4.4)

with u (0) = ug(r) = w3 (0) = uj(m) = ugv)(O) - ugv)(w) -0,
ul(O) = ul(1r) = u"l(O) = u"1(1r) =0, and

u, € CS([O,F],]R) and u, € C4([O,1r],IR). (2.4.5)

Since an approximation in the form of an infinite series will be constructed, (2.4.5) is re-
quired in order to get a convergent series representation for which summation and dif -
ferentiation may be interchanged. In the sense of theorem 2.3.1 a function u will be con-
structed that satisfies (2.4.2) and (2.4.4) exactly and (2.4.1) and (2.4.3) up to order 62.
From the theorems 2.2.1 and 2.3.1 it then follows
- -1/2
Ju(x,t)-u(x,t)] = O(le|]) for 0 < x <mand 0 <t<Lje| s
in which L is a sufficiently small, positive constant independent of e. In constructing ua

perturbation method will be used. The straightforward expansion u(x,t) = uo(x,t) +

+ eul(x,t) + ... will cause secular terms. However, from the energy equation (with t0 > 0)
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n
E(ty) = fo {uf(x,to) + ui (x.ty) + uz(x,to) + £ u"(x,to)} dx = E(0),

which can be obtained by multiplying (2.4.1) by u, and integrating over the region

O<x<mand 0 <t< tO’ it follows that if the initial values are bounded and if € > 0 that

T 2
JO u (x,to) dx < o0 for all tO > 0.

So, in that case secular terms should be avoided. For that reason a two-timescales pertur-
bation method will be used. In using a two-timescales perturbation method u(x,t) is sup-

posed to be a function of x, t and et. Now let

T = €t, and (2.4.6)

u(x,t) = v(x,t,re). 2.4.7)

By introducing (2.4.6) and (2.4.7) the initial-boundary value problem (2.4.1)-(2.4.4) be-

comes
v, + 2ev +52v -V +v+ev3=0, O<x<mt>0, (2.4.8)
tt tr TT XX
v(x,0,0;) = uO(x), 0O<x<m, (2.4.9)
vt(x,0,0;e) + evT(x,O,O;e) = ul(x), 0<x<m, (2.4.10)
v(0,t,7;¢) = v(m,t,1€) = 0, t> 0. (2.4.11)

Furthermore, it is assumed that v may be approximated by the formal expansion

vo(x,t,r) + evl(x,t,r) + €2V2(X,t,T) + ... (2.4.12)
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By substituting the expansion (2.4.12) into (2.4.8)-(2.4.11), and after equating the coef-

ficients of like powers in e, it follows from the powers 0 and 1 of ¢ respectively, that Yo

should satisfy

Vo " Vo +v0=0, O<x<mt>0, (2.4.13)
tt XX

VO(X,O,O) = uo(x), 0<x<m, (2.4.14)

Yo (x,0,0) = ul(x), 0<x<m, (2.4.15)
t

VO(O,t,T) = v0(7r,t,1') =0, t>0, (2.4.16)

and that v 1 should satisfy

\ -v +v, =-2v -v3, 0<x<mt>0, (2.4.17)
1 1 0 0
tt XX tr

VI(X’O’O) =0, O<x<m, (2.4.18)

vy (x,0,0) = Vo (x,0,0), O<x<m, (2.4.19)
t T

VI(O,t,T) = v1(7r,t,r) =0, t> 0. (2.4.20)

In the further analysis Yo and 5 will be determined, and it will be proved that u(x,t) =
= vO(x,t,r) + evl(x,t,r) is an asymptotic approximation (as ¢ — 0) of the solution u(x,t) of
the initial-boundary value problem (2.4.1)-(2.4.5).

The solution Yo of the initial-boundary value problem (2.4.13)-(2.4.16) is given by

[o o]
Vot = % {A (r) cos [(1 + n2)1/?
n=1 n

t] + Bn(r) sin [(1 + 112)1/2 t]} sin nx. (2.4.21)

From (2.4.14) and (2.4.15) it follows that

2 (" .
An(O) = JO uo(x) sin nxdx, (2.4.22)
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2

s
B (0) =——5—7
n x(l + l_12)1/2 JO

ul(x) sin nxdx. (2.4.23)
The functions An(r) and Bn(r) will be determined by the requirement that v 1 should not
contain secular terms. From appendix 2B it follows that this condition can be satisfied if

An(r) and Bn(r) satisfy

dA 3B [ oo i
n n 1 ( 2 2 2 2
- - (A%+B°) + ¥ (AZ+BZ) | =0, (2.4.24)
dr 8(1 + n2)1/2 4 n n k=1 k k
dB 3A [ o0 i
n n 1 [ 2 2 2 2
+ -— (A%+B%) + ¥ (AZ+BZ) | =0. (2.4.25)
dr 8(1 + 1_12)1/2 4 n n k=1 k k

This system of infinitely many nonlinear first order ordinary differential equations for
An(r) and Bn(r) (n = 1,2,3,..) subject to the initial conditions (2.4.22) and (2.4.23) can be
solved exactly. Multiplying (2.4.24) by Arl and (2.4.25) by Bn, adding the obtained

equations and integrating with respect to 7, it follows that
2 2 2 2
An(r) + Bn(r) = An(O) + Bn(O), n=1,2,3,.. (2.4.26)

Substituting (2.4.26) into (2.4.24) and (2.4.25) one obtains

dA -3C dB 3C
n n

n n
ar 128, and —g

172 An

81 + 09 " 8(1 + nd)

1 (,2 2 2 (.2 2
where C_ = (a2 + B2 @) - k§1 (A + B,(0)). (2.4.27)
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The solution of these differential equations for An and Bn is given by

—_

3Cn'r 3Cnr
A_(r) = A_(0) cos - B (0)sin | —B&—
n n 0 snd 2| P 51+ n))1/2
[ sc.r
= (%0 + B2®) /2 cos s——l‘m va|, (2.4.28)
(1 +n%)
L
e r | 3C,r
B (r)=A (0)sin | ——————= | +B (0)cos | ———=—7
n n 8(1 +n2)1/2 n 8(1 +n2)1/2
3C 7
= (%0 + B2®) /? sin St | (2.4.29)

8(1 + n%)
in which a_ = 0 if A2(0) + B2(0) = 0 and else a_ is given by
n n n n

cosa_= A (0)(a20) + B2©) /? and sina_ =B _(0) (a20) + B20) ~'/2.

(2.4.30)

Now the solution v, of the initial-boundary value problem (2.4.13)-(2.4.16) has been

0
determined completely. Using (2.4.21), (2.4.28), (2.4.29) and some trigonometric relations,

Yo is given by
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e = ¥ LA @ | (ead/2¢ . 0
va(X,t,7) = cos +n —_— | +
0 n=1 | ® 8(1 + n2)1/2
3C 1
+ Bn(O) sin | (1 +n )1/2 *nl/z sin nx =
8(1 +n )
oo 3C T
-y (Afl(op32(0))1/2 cos | (1 +0n9)/2¢ - "7 - oy | sinnx,
n=1 n 8(1 + n?) "

(2.4.31)

where An(O), Bn(O), Cn and a are given by (2.4.22), (2.4.23), (2.4.27) and (2.4.30)
respectively. From (2.4.5), (2.4.22) and (2.4.23) it follows that the infinite series repre-
sentation for 0 is twice continuously differentiable with respect to x and t, and
infinitely many times with respect to 7.

In appendix 2B the solution \2 of the initial-boundary value problem (2.4.17)-(2.4.20)

has been determined and it has been proved there that v, has the same convergence and

1
differentiability properties as mentioned before for Vor So far a function u(x,t) =
= vo(x,t,r) + evl(x,t,r) has been constructed. It can easily be shown that u(x,t) satisfies

(2.4.2) and (2.4.4) exactly, and (2.4.3) up to order 62 in the sense of theorem 2.3.1. Now it

will be proved that u(x,t) satisfies (2.4.1) up to order 62 in the sense of theorem 2.3.1.

= - - -3 3
U - U tute —(vo “ Vo +v0)+e[vl -V +vl+2v0 +v0]+
tt XX tt XX tr
2 2 2 2.3
2 =
+€ [VO +2v) o+ 3v0v1 revy o+ 3ev0v1 +€ VIJ
T tr T

]

O+0+52[v +2v +3v2v +ev +3evv +ev3)
0 1 01 1
T tr TT

ezcl(x,t;e).

1]
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From the convergence and differentiability properties of the infinite series representa-
tions for Yo and v 1 it follows that cl(x,t;e) is continuously differentiable and uniformly
bounded on DL and cl(O,t;e) = cl(7r,t;e) = 0. Then it follows from theorem 2.3.1 that
u(x,t) is an order e asymptotic approximation (as ¢ — 0) of the solution u(x,t) of the

initial-boundary value problem (2.4.1)-(2.4.5) for (x,t) € D, that is,

L,

[u(x,t)-u(x,t)] = O(le]) forO<x<wand 0 <t< Lle|'1/2

s (2.4.32)
in which L is a sufficiently small, positive constant independent of .

Using (2.4.32) the following estimate can be obtained

u-v0|=|u-u+u-v0|5|u-u|+|ev1|=0(|e|) onDL.
Hence, vO(x,t,r) given by (2.4.31) is also an order ¢ asymptotic approximation (as e — 0)
of the solution u(x,t) of problem (2.4.1)-(2.4.5) for those values of x and t for which the

problem has been proved well-posed.
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2.5. Concluding remarks

The asymptotic theory as presented in this chapter provides a rigorous basis for a number
of formal perturbation methods. An interesting aspect of the theory is that asymptotic
validity has been established for a class of formal approximations.

The intriguing question whether the proof of the time-scale of asymptotic validity may
be extended to an O(|e| _l) time-scale remains open. It should be noticed that the exten-
sion to longer time-scales may depend on the estimate of the kernel G of the equivalent
integral equation (2.2.10). More explicitly when the uniform boundedness in the sup-
norm of G on [0,1r]><]R+ could be established then an extension of the asymptotic theory to
an O(|¢| _1) time-scale may easily be given.

For the explicit example studied in section 2.4, which may serve as a model for the
vibrations of a taut string embedded in a nonlinear elastic medium, an O(e) asymptotic
approximation is given by (2.4.31). It is not difficult to show that when one excites this
string initially with a finite number of modes, say N, the O(¢) approximation involves
only these N modes on a time-scale of O(|e|~ 1/2). This implies that in the O(¢) approxi-
mation no new modes will be excited up to O(e). Moreover, only an energy transfer of

O(e) between the N modes may take place on a time-scale of O(]e| 172

).

An interesting phenomenon due to the nonlinearity may be noticed: the phase-shifts of
the modes are determined by the coefficients Cn (as defined by (2.4.27)) which depend
on the initial amplitudes of all modes initially present. In fact, the distorsion of the
signals is determined by linear dispersion and dispersion due to the nonlinear term.

The approximation Vot €Yy where \£ is given in appendix 2B may be a good candidate
for a second order, ie. an 0(52) asymptotic approximation. However, in order to establish

. e . .. -1/2
this, one has to show that vy satisfies certain smoothness conditions on the O(|¢| /

)

time-scale, which requires additional tedious calculations.
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In this section the equivalent integral equation for the initial-boundary value problem

(2.2.1)-(2.2.9) will be derived. The initial-boundary value problem can be transformed

into an initial value problem by extending the functions u, F, U and U,

. . . * * *
2n-periodic functions u, F , u

in x to odd and

0 and u . Then, an integral equation for the solution of

the initial value problem can easily be obtained (see for instance [7, chapter 5] and [28,

chapter 2]):

t o X+t-7
wwo =5 [ [ 3e-0? - €0"1?) P e +

x+t 8, ([t - (¢-x) 11/2) .
2 (uo(x+t €) + uo(x te)) + = > J —_— 00(5;€)d5 +

X+t
+_é Ix-t JO(Kt2 - (é-x) ]1/2) ut(f;e)df = (Tu)(x,t),

where JO is the Bessel function of the first kind of order zero.

(2A.1)

Obviously, the solution of (2.2.1)-(2.2.9) is a fixed point of the integral opeator T

(T:C— C1 and T: C1 — C2). After some manipulations the integral equation (2A.1) can

be rewritten as
t o7
u(x,t) = ¢ j . f , C(ERROF(E.ru(Enidedr +

T
+ [ {20(€G €00 - v, (€96 0x,0} d = (Tu)x.D,

where G is given by

(2A.2)
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1/2

G(&,m:x,t) =% )3 H(t—1'—£+2k1r-x)H(t-r+£-2k1r+x)JO([(t-r)2 - (¢-2km+x)21Y %y +
KEZ -
- H(t—r+£+2k1r-x)H(t—T-€-2k1r+x)J0([(t-r)2 - (e+2kr-%)21" 2)}, (2A.3)

in which H(a) is a step function which is equal to 1 for a > 0, —é for a = 0 and zero
otherwise. In (2A.2) it is assumed that % H(a) = §(a) in the sense of the theory of distri-

butions.

In fact G as defined by (2A.3) is the Green’s function for the differential operator

62 62
L= N 1 and the boundary conditions (2.2.4).

Aftera tsomea:e(lementary calculations it can be shown that if v(x,t) is a twice continuously
differentiable solution of (2.2.1)-(2.2.9) then v(x,t) is a solution of the integral equations
(2A.1) and (2A.2). From section 2.2 it follow; that under the assumptions (2.2.5)-(2.2.9)
the solution of the integral equation (2A.2) is twice continuously differentiable on some
subdomain DL of the (x,t)-plane. It can easily be proved that if w(x,t) is a solution of

(2A.1) or (2A.2) then w(x,t) is a solution of (2.2.1)-(2.2.9). Hence, the integral equation

(2A.2) and the initial-boundary value problem (2.2.1)-(2.2.9) are equivalent on DL‘
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Appendix 2B

In this appendix the solution v 1 of the initial-boundary value problem (2.4.17)-(2.4.20)
will be determined such that this solution satisfies the requirement that it does not contain
secular terms. It should be noted that the equations for ) and v 1 have been derived under
the assumption that Vor Vi and their derivatives up to order two are O(1) on D . For that
reason v

1 should not contain secular terms, that is, terms like t sin [(1 + nz) / t] sin nx.

To determine vy it is assumed that v, may be written as

oo

vl(x,t,r) =y, Dn(t,r) sin nx. (2B.1)
n=1

By substituting (2B.1) and (2.4.21) into (2.4.17) one obtains

o .
> (Dn +(n2+1)Dn] sinnx=-2 3 H_sinnx+

tt n=1
l oo oo [ o)
+ g >y oy HkH[H (sin(k+£+m)x - sin(k+£-m)x - sin(k-£+m)x + sin(k-e-m)x) s
m
k=1 =1 m=1
in which
~ A B
-(I +n )1/2 —ar sm[(l +n )l/zt]+(1 +n )l/2 d cos [(1 +n )l/2 t]
(2B.2)
and
H -A cos[(1+n)l/2t]+B s1n[(1+n)1/2] (2B.3)

Equating the coefficients of like functions in sin nx yields
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2 ~ 1 o ] [ <2 o]
Dn + (n +1)Dn=_2Hn+7 Y Y Y H

tt kel 1 m=1 kHle(an,k+£+m + 5n,—k—£+m +
- 6n,k+£—m + 6n,-k+£-m - 6n,k—e+m + 6n,k-£—m - 6n,—k+£+m) =
~ 1 o0 o ¢] oo
= —2Hn + g e -3 k,z,%):] +3 k,e,gn:] HkHZHm = Rn(t,T), (2B.4)
k+£+m=n k+£-m=n m-k-£¢=n

where 8i i is the Kronecker delta symbol that is defined to be zero for i # j and unity for

s

i = j. So, assuming (2B.1) problem (2.4.17)-(2.4.20) becomes

Dntt + (n2 +1) Dn = Rn(t,r), (2B.5)

Dn(0,0) =0, (2B.6)
dA_(0)

D, 0,0)=——, (2B.7)

t

where Rn(t,r) is defined in (2B.4). The solution of problem (2B.5)-(2B.7) is given by

Dn(t,r) = Pn(r) cos [(1 + 1'12)1/2 t] + Qn(r) sin [(1 + nz)l/2 t] + Tn(t,r) (2B.8)
dA_(0)
with P (0) = -T_(0,0) and Q_(0)= (I + n?y1/2 {Tnt(0,0) +—2 } (2B.9)

In (2B.8) Tn(t,r) can be regarded as the particular solution of (2B.5). First Tn(t,r) will be
determined. After evaluating the product HkHle in Rn(t,r) it can easily be seen that

secular terms in Tn(t,r) can occur (for k, £, mand n € Z+) if
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e D220 )2 @ e )2 D@ )2,
+ (n2 + 1)1/2 =(£2 + 1)1/2 + (m2 + 1)1/2 - (k2 + 1)1/2

s+ 2o @m? e 2 e )22 2
1/2 12, m2 4 /2,

L)

(n2+1)1/2=(k2+1) +(£2+l) + (m
Only two of these cases are essentially different. These two cases are

s@2e D220 )20 @ )2 @ e V2 (2B.10)

So the problem is to determine the values of k, £, mand n € Z”* for which (2B.10) can

be satisfied. To solve this problem the following inequality is used

i<+ <i-14v2 forallje Z* (2B.11)
Case I (plus sign in (2B.10)):

@2 2202 )2 @4 V2 @2 2 (2B.12)
Using (2B.11) and (2B.12) one obtains

n<(n2+l)l/2<k—l+\/3 +0-1+V2 -m=k+£-m-2+2\/5,and

1/2

n-l+\/52(n2+l) >k+£-m+1—\/3.'Hence,

kK+f-m+2-2V2 <n-<k+£-m—2+2\/3.

Since k, £, mand n € 27 it then follows that n = k + £ - m. Then (2B.12) becomes
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+e-m?+ )12 )20 @ )12 D@24 /2 (2B.13)
By squaring equation (2B.13) two times and rearranging terms one obtains

(ke-1- 0%+ DY2 4+ )2 m? - km - m + ko) = 0, hence

ke-1-(k2+1)]/2(£2+1)1/2=0 or m2-km-£m+ke=0. (2B.14)

By squaring the first equation in (2B.14) one obtains after rearranging terms that
(k + 8)2 = 0. However, this contradicts the assumption k and £ € Z*. The solution of the
second equation in (2B.14) is given by m =—é~ (k+98 ¢+ —; ((k + 2)2 - 4k£)1/2.

Hence, m = k or m = £ Combining this result withn=k + £ - m yields

m=k and n=1 or (2B.15)

m=¢ and n=k. (2B.16)

By substituting (2B.15) and (2B.16) into (2B.12) it can be verified that both (2B.15) and

(2B.16) satisfy (2B.12).
Case II (minus sign in (2B.10)):

@2 V202 22 2 w2 )2 (2B.17)
Using (2B.11) and (2B.17) one obtains

n<(n2+ 1)1/2<—k-£+m-1+ﬁ,and

n-1+v2 2(n2+1)1/2>—k+1—\/_5 -t+1-v2 +m=m-k-£+2-2v2, hence

m-k-£+3-3V2 <n<m-k-£-1++v2.
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From k, £, m and n € z* it then follows thatn=m -k - £- 1 orn=m - k - £ Since
no summation in (2B.4) involves n =m - k - £ - 1 one only has to consider n=m - k - £

Then (2B.17) becomes

Sk +e-mP e nl/22
1/2

“(m -k - &% + DI7/?

&%+ )2 @+ )2 D m? e /2 (2B.18)
By squaring (2B.18) two times and after rearranging terms one obtains the equations
(2B.14). These equations have the solutions (2B.15) and (2B.16). However, the solutions
(2B.15) and (2B.16) do not satisfy (2B.17). So, in case II there do not exist integers k, £, m
andn e z* giving rise to secular terms.

Hence, the integers k, £, m and n € z* given by (2B.15) and (2B.16) will cause secular

terms in Tn(t,r). Taking apart those terms in (2B.4) one obtains:

D +(n2+l)D =
n n

tt
[ dA oo
. 2.1/2 2.1/2 n 3 1 2 .2 2 .2
= sin [(1+n") / t] | 2(1+n%) / 7-7Bn(-7(An+Bn) +k§1 (Ak+Bk]] +
L ]
[ dB oo )
2,1/2 2,1/2 n 3 1 2 .2 2 .2
-cos [(1 +n") / t] | 2(1+n") / T+7An(-7(An+Bn) +k§:l (Ak+Bk)] +
l o0 OO* o0
+ = -3 Y. . +3 Y. H H . (2B.19)
1 kemel k,,m=1 k,&,m=1 KeTm
k+£+m=n k+£-m=n m-k-£=n

where the * in (2B.19) indicates that terms in HkHle giving rise to secular terms in
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Tn(t,r) are excluded.

In order to avoid secular terms An(r) and Bn(r) have to satisfy

An 3

Tdr " 4

2(1+n)1/2 --—B ( I(A +B)+ Z (A +B2]]

dB

2(1+n)1/2 n 3A ( I(A +B2)+ Z (A +Bz)]

dr 4

(2B.20)

(2B.21)

After lengthy but rather elementary calculations it follows that the particular solution

Tn(t,r) of (2B.19) is given by

1 o0 oo oo
T (t,7) =— -3 3 +3 Y. R, , (t,7)
n 1 kem=1 k,em=1 k,t.m=1 kém
k+f+m=n k+¢-m=n m-k-£=n

with R, , (1) = (Ai " Bf() [Af + Bg] (Afn + Bfn) )12

4, cos [d(l) t - e(&mr - f(l) ]

X

P 2
=1 n +1- (d(&m]
where
d§<1£2n_sqk +sq£ -sq with sqn=(n2 + 1)1/2,
2) (1) (3) 1) (4) (1) (2) (3)

diim = Yemke Ykem = Imice 209 pm = 9im * Ykem * Ykom
ell) =2 (csai! +cpay! - ¢ sa7l)  withC_ given by (2.4.27),
(2) (1) (3) (1) and e(4) (1) (2) (3)
exem = Somk’ Ckém = Smke kém = €kem * €y tm’

D . .
k&m =q +a,- am with o given by (2.4.30),

(2) _ (1) (3) (1) (4) (1) (2) , 3)
fkb'n_fllmk’f —f and fklm f fk fkem

(2B.22)

(2B.23)
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The * in (2B.23) indicates that the summation over i for i = 1, 2 or 3 is excluded if
(n2 +1) 172 d(lggm
It should be noted that all the denominators in (2B.22) are nonzero because of the non-

secularity requirement. In order to obtain some properties of Tn(t,r) the following results

will be needed

(a) if k + £+ m = n then

2
n2+ 1- (d(4) )2

_kfm-k-£-m+k(£ +1)1/2(m +1)1/2+m(k2+1)1/2(£ +1) 1/2 +£(k2+1)1/2(m +1) 1/2
B -2(k + m)(k + £)(£ + m)

(b)if K + £+ m = n then

2
n2+1- (d(l) )2

kem-k-t-m-k(+1) P@2e) 2 eme) 22 1) 2 - 0P 1) 2P 1)
B -2(k + m)(k + £)(£ + m)

(1) (1)
and similar formulas for dtmk and d mke:

(¢)if k + £ - m = n then

2
2 . (d(4) )2

n +1

Ckfm+k+£-m-k(£ +1)1/2(m +1)1/2+m(k2+1)1/2(£2+1)1/2—Z(k2+1)1/2(m2+1)l/2
- 2(k + &)(k - m)(¢ - m)
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(d) if k + £ - m = n then

2 -
n2 +1 - (d(kll)m]z

_ kémaksf-mk(E+1)

120202 e mae )22 1) 2 o a2y /2

2(k + &)(k - m)(£ - m)

(m2+l)l/2

.. (1) (1)
and similar formulas for demk and dmke'

(e) if m - k - £ = n then formulas analogous to (c) and (d) can be obtained because

n2=(m—k—£)2=(k+£—m)2.

From (2.4.5), (2.4.22), (2.4.23), (2.4.28) and (2.4.29) it follows that there exists a uni-
formly bounded constant K such that for all n € Z” and for all 7 € IR:
n

1A ()] < —KS— and |B_(r)] < % . (2B.24)
n n

Using (2B.24) and the properties (a)-(e) of the denominators of Rkem(t’r) in Tn(t,r), the

following estimates can be made:

=) 0o 3
Reem®D| <4 % 2?5 5 (k+e)?1l:f:1)(e+m) s
k,f,m=1 k,f,m=1 k"¢'m
k+£+m=n k+f+m=n
3 1 9 3 33v2 K327 (223
<32v/2 K° % 333 3 5 < 4 (7&) " and
k,,m=1 k £2m (k+£+m) 2n 2n

k+£+m=n
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oo %) 3
Y Rytn) <4 2\/535 Ks <
k,.,m=1 ktm=1 k’m’> (k+9
k+£-m=n k+¢-m=n
oo 4
<32v2 K3 3. —271"—5 <
k,t=1 (k+£-n) (k+£)
k+£&n+1
00 4 3.4 4
<32v3 K3 5 27 (k+£-1) 532\/3K2 o
— 4 5 4 90
ktl=n+l  (k4p-n)"(k+8) n

Since (k + £ - m)2 =(m - k - £)2 the estimate of the third sum with summation index
m - k - £=n in (2B.22) is similar to the estimate of the second sum.

Hence, there is a uniformly bounded constant ¢ such that for all n € z* and t,7r € IR
-4
|Tn(t,1)| <cn . (2B.25)

Estimating and arguing by analogy it can easily be obtained that for all n € Z"* and for

all t,7 € IR there exists a uniformly bounded constant ¢ such that

a6 £ 55 [Ty 0] 5 [T 0] <55 ame [Ty 0] 25

(2B.26)

Considering the solution vl(x,t,r) it should be noted that the functions Pn(r) and Qn(r) in
(2B.8) have to be used in order to avoid secular terms in the solution v2(x,t,r). However,
it is our purpose to construct a function u(x,t) that satisfies the differential equation up to
order 52. Therefore Pn(r) and Qn(r) are taken to be equal to their initial values (2B.9),

that is,
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P (=P (0) and Q (r)=Q, (0). (2B.27)

Now it easily follows from (2B.8), (2B.9), (2B.22), (2B.25), (2B.26) and (2B.27) that the
series representation (2B.1) for \£ is twice continuously differentiable with respect to x

and t and infinitely many times with respect to .
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CHAPTER 3

ASYMPTOTICS FOR A SYSTEM OF NONLINEARLY COUPLED WAVE
EQUATIONS WITH AN APPLICATION TO THE GALLOPING OSCILLATIONS

OF OVERHEAD TRANSMISSION LINES

Abstract

In this chapter an asymptotic theory for a class of initial-boundary value problems for sys-
tems of weakly and nonlinearly coupled wave equations is presented. The theory implies
the well-posedness of the problem in the classical sense and the asymptotic validity of
formal approximations on long time-scales.

As an application of the theory an initial-boundary value problem for a system of weakly
and nonlinearly coupled wave equations is studied in detail using a two-timescales per-
turbation method. From an aero-elastic analysis it is shown that this initial-boundary
value problem may be regarded as a model describing the galloping oscillations of over-

head transmission lines in the vertical and in the horizontal direction.
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3.1. Introduction

In this chapter an asymptotic theory is presented for the following initial-boundary value

problem for a system of nonlinearly perturbed wave equations

U - Cl_xxx + ef(x,t,l_l,t_lt,gx;e) =0, O<x<mt>0, (3.1.1)
u(x,0;¢) = go(x;e) and 1_1t(x,0;e) = l_ll(x;e), 0<x<m, (3.1.2)
u(0,t;¢€) = u(m,te) = 0, t>0, (3.1.3)

with u = (ul,uz,...,un)T, f = (fl’f2""’fn)T and 0 < |{ < €p << 1. The (nxn) diagonal-

matrix C has e-independent diagonal elements cizi (i =1,2,..,n) with ¢ > 0, and the
functions f s Yo and v, have to satisfy certain smoothness properties, which are mentioned
in section 3.2. As usual the derivative of a matrix-valued function is obtained by taking
the derivative of each element of the matrix-valued function. The asymptotic theory
presented here implies the well-posedness in the classical sense of the initial-boundary
value problem (3.1.1)-(3.1.3) as well as the asymptotic validity of formal approximations.
In this chapter formal approximations are defined to be vector-valued functions satis-
fying the differential equations and the initial conditions up to some order depending on
the small parameter e.

For scalar-valued functions similar asymptotic theories have been developed in [11] for
an initial-boundary value problem for the weakly semi-linear telegraph equation
U -u o +tu+ ef(x,t,u;e) = 0, and in [12] for an initial-boundary value problem for the

tt

weakly nonlinear wave equation u,, - u Lt ef(x,t,u,u

tt ,ux;e) = 0. Both type of equations

t
were considered subject to the initial values u(x,0;¢) = uO(x;e) and ut(x,O;e) = ul(x;e) and
the boundary values u(0,t;e) = u(m,te) = 0. The well-posedness in the classical sense and

the asymptotic validity of a class of formal approximations could be obtained on a
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time-scale of order |¢| 172 for the problem for the weakly semi-linear telegraph equation
and could be established on a time-scale of order |e|_l for the problem for the weakly
nonlinear wave equation. For the initial-boundary value problem (3.1.1)-(3.1.3) it will
be shown that a time-scale of order |e]'l can be obtained.

The asymptotic theory in [11,12] and the asymptotic theory presented in this chapter can
be regarded as an extension of the asymptotic theory for ordinary differential equations
as for instance described in [1,2,8,25]. Moreover, the asymptotic results presented in this
chapter can be seen as a generalization of the asymptotic results obtained in [12].

This chapter, being an attempt to contribute to the foundations of the asymptotic methods
for (systems of) weakly nonlinear hyperbolic partial differential equations, is organized
as follows. In section 3.2 the well-posedness of the problem is investigated and established
on a time-scale of order lel-l and in section 3.3 the asymptotic validity of formal
approximations is studied, that is, estimates of the differences between the solution and
the formal approximations are given on a time-scale for which the problem has been
shown to be well-posed. The asymptotic theory is applied in section 3.5 to the

initial-boundary value problem (3.1.1)-(3.1.3) with u= (v,w)T and

2 2 3
310V ¥ 301 W t30Vy Y21V W T 3o W, * 33V

f(x,t,u,u u;e)s

e b w+b v.wW +b w2+b w3
01 11ttt t 037t

where 210°30 1""’b03 are constants independent of e. In section 3.4 it follows from an
aero-elastic analysis that this initial-boundary value problem may be regarded as a model
which describes the growth of wind-induced oscillations of overhead transmission lines in
the vertical and in the horizontal direction. In fact this initial-boundary value problem is

an extension of a model (describing only the vertical displacements of the transmission
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lines) which has been postulated in the early seventies in [22,23] and which recently has
been derived in [12]. From a practical point of view it is iﬁteresting to investigate the
vertical as well as the horizontal displacements of the transmission line, since one or both
of the displacements may give rise to conductor damage due to impact of conductor lines
or due to flashover as a result of a phase-difference between conductor lines, for which
the mutual distance has become too small.

Using a two-timescales perturbation method, as for instance successfully used in [4,11,
12,17,18], an ésymptotic approximation of the solution of the aforementioned initial-
boundary value problem will be constructed. In some sense it is remarkable that the two-
timescales perturbation method as developed in [4,18] and applied in [4,11,12,17,18] to
an initial-boundary value problem for a single perturbed wave equation may also be used
for an initial-boundary value problem for the aforementioned system of perturbed wave

equations. Finally, in section 3.6 some of the results obtained in this chapter will be dis-

cussed.
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3.2. The well-posedness of the problem

In this section a weakly nonlinear initial-boundary value problem for a vector-valued
function u(x,t;e) will be considered. As usual a derivative of a vector-valued function is
obtained by taking the derivative of each element of the vector-valued function.
Furthermore, a vector-valued function is said to be continuous (or differentiable) if and
only if all the elements of the vector-valued function are continuous (or differentiable).

u_.,u

o) = . . T _
Let u(x,te) = (u1(x,t,e),uz(x,t,e),...,un(x,t,e)) with 1 < n < oo and let wu,u gL =

= Uy and U be continuous on 0 < x < m and t > 0. The following weakly nonlinear

initial-boundary value problem for the vector-valued function u(x,t,e) will now be con-

sidered:
U - ngx + €F(ue) = 0, O<x<mt>0, (3.2.1)
u(x,0s¢) = go(x;e), 0<x<m, (3.2.2)
t_xt(x,O;e) = 1_11(x;e), O<x<m, (3.2.3)
u(0,t;¢) = u(m,te) = 0, t>0, (3.2.4)

where C is a (nxn) diagonal-matrix with ¢-independent diagonal elements cizi (i=1,2,..,n)

and c.. > 0,
11
Fue)(x,1) = f(x,t,u(x,te),u (x,te),u_(x,teke), (3.2.5)

0 < | < 60 << 1, and where 1_10(x;e) = (uol(x;e),...,uon(x;e))T, I_ll()(;é) = (u“(x;e),...,

um(X;e))T and f(x,t,u,p,qe) = (f 1(x,t,l_l,x_:,g;E),...,fn(x,t,l_l,g,g;e))T with u = (ul,---,un)T,

T T ...
p= (pl,...,pn) and q = (ql,...,qn) satisfy:
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2
up; 9 Yy .
U ?, ? € C([O,w]x[-eo,eo],]R) ‘ fori=1,2,..,n,
X
321_10(0;e) 621_10(1r;e)
with u, (0;¢) = u,(me) = = =0, (3.2.6)
-0 -0 3 2 2 -
X ax
Buy;
U g € C([O,1r]x[~eo,eo],]R) fori=1,2,..,n, with 1_11(0;6) = 1_11(7r;e) =0, and
(3.2.7)
afi afi afi afi 3n
fi’ ) ETJ , a , E € C([0,7]x[0,00>xIR x[-eo,co],]R) for i,j = 1,2,...,n,
with F(ue)(0,t) = F(ue)(m,t) = 0 fort>0. (3.2.8)

Furthermore, f(x,t,u,p,q;¢) and its partial derivatives with respect to x,u,p and q are
assumed to be uniformly bounded for those values of t under consideration.

To prove in the classical sense existence and uniqueness of the solution of the initial-
boundary value problem (3.2.1)-(3.2.4) an equivalent system of coupled integral equa-
tions will be used. In order to derive this system of integral equations the initial-bound-
ary value problem is transformed into an initial value problem by extending the vector-
valued functions u, f, u, and u, in x to odd and 2= -periodic functions (see for instance

[28, chapter 2]). The extensions of u, f, Uy and u, are denoted by t_x*, t:*, l_lB and 1_1‘1' re-

* * * * .
WU = U and u_ are continuous on

spectively. Then, assuming that 1_1*,u* * x Uit

u
-t’-x

-oo <x<oo and t > 0, an integral equation for the solution 1_1* of the initial value

problem is given by
* € ¢ * *
u (x,t€) = - 5 I If (r;x,t)dr + gl(x,t;e), (3.2.9)
0

where lf’(r;x,t) is a vector with elements If;‘(r;x,t) defined by
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x+cii(t-1')

ety o L e e re a6 r® (6 ry
11} 0 = 2 | £1(6 0" (6,1:0,uT (6,70, (Emeke)de

x-cii(t—r)
for i = 1,2,...,n, and where gZ(x,t;e) is a vector with elements u’zi(x,t;e) defined by

X+cC..t
11

* ooy L * ) e L u* (e o) + * o
uﬁ(x,t,e) =3 uOi(x+ciit,e) +35 uOi(x ciit,e) *+ 50 J‘ uli(E,e)dE

1 Y x-cC..t
11

for i = 1,2,..,n. As usual the integral of a matrix-valued function is obtained by taking
the integral of each element of the matrix-valued function. Using reflection principles
(3.2.9) can be rewritten as a system of coupled integral equations on the semi-infinite

strip 0 < x < m, 0 <t < oo, yielding

t w
u(x,te) = iz Jo jo G(&,mx,OF(we)(€,1)dedr + u (x,te), (3.2.10)

where G(&,7;x,t) is the (nxn) diagonal-matrix with diagonal elements

. _ 1 P _ - _
g, (6mx.) = - kéz { H(c, (t-1)-§+2km-XH(c; (t-n)+ - 2kmx) +
~H(c, (t-1)+€+2Km- X)H(C, (t-7)- €~ 2KT+X) } (3.2.11)
for i = 1,2,...,n, and where u, is given by
™
uxt9 = [ {57 €omueo - Ge.omou €9} de (3.2.12)

The function H(a) onIR isequal to 1 for a > 0, —é for a = 0 and zero otherwise. In (3.2.12)
it is assumed that 85 is differentiated according to the rule —c%( H(f(r))H(g()) } =

= So(f(r)) %(? H(g(r)) + H(f(r))éo(g(r)) gﬁéﬂ, where 60 is the Dirac delta function. In
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fact, 8;; & defined by (3.2.11) is the Green’s function for the differential operator

20

- ¢.. — and the Dirichlet boundary conditions. And so, G can be identified with
o> 1152 2 52
the matrix-valued function of Green for the differential operator —5 - C — and the
at ax

boundary conditions (3.2.4). It is also worth noticing that the solution of the (linear)
initial-boundary value problem (3.2.1)-(3.2.4) with F =0 is given by x_.ll(x,t;e).

Elementary calculations show that if v(x,t,e) is a twice continuously differentiable solu-
tion of the initial-boundary value problem (3.2.1)-(3.2.4) then v(x,t;e) is a solution of the
system of integral equations (3.2.10). And if w(x,t;€) is a twice continuously differenti-
able solution of the system of integral equations (3.2.10) then it can easily be shown that
w(x,t;¢) is a solution of the initial-boundary value problem (3.2.1)-(3.2.4). Hence, the
system of integral equations (3.2.10) and the initial-boundary value problem (3.2.1)-
(3.2.4) are equivalent if twice continuously differentiable solutions exist, that is, if
vector-valued functions exist of which all elements are twice continuously differentiable.
Now it will be proved that a unique, twice continuously differentiable solution of the
system of integral equations (3.2.10) exists in a strip QL of the (x,t)-plane. And so, a
unique and twice continuously differentiable solution exists for the initial-boundary
value problem (3.2.1)-(3.2.4) on QL.
In order to prove existence and uniqueness in the classical sense of the solution of the
system of nonlinear integral equations (3.2.10) a fixed point theorem will be used. Let

L
be given by

0, = [0,71x[0,Lid™"] (3.2.13)

in which L is a sufficiently small, positive constant independent of ¢. Let Ci,I(QL,]Rn) be
the space of all real-valued and twice continucusly differentiable functions

w(x,t) = (w1(x,t),wz(x,t),...,wn(x.,t))T on with norm ||« || 5 defined by:
C
M
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n 2 o+ (x,0)
hwll , = % % max |— [ «m
CM i=1 k,=0 (x,t)EﬂL 3x ot

k+£<2

From the smoothness properties of U and u 1 it follows that (for fixed u, and 1_11) there

exists a positive constant M, independent of e such that,

1
1
Il ‘;15"(:2 <5 My, (3.2.14)

and from the smoothness properties of F (as given by (3.2.5) and (3.2.8)) it follows that

there exist e-independent constants M2 and M3 such that,

k

1
Y1 ety (o (e | <M, (3.2.15)
k=0 dx

k
k§0 I—dd:f; [fi(x,t,y(x,t),yt(x,t),yx(x,t);e) - fi(x,t,V_V(x,t),vyt(x,t),wx(x,t);e)] | <

<M, I v-wi| 2 (3.2.16)
M

. 2 n
for all (x,t) € QL and i = 1,2,.,n, ¢ € [-eo,eo] and v,w € CMI(QL’R ). Now let the
integral operator T: Cz(ﬂL,IRn) — Cz(ﬂL,]Rn), which is related to the system of integral

equations (3.2.10), be defined by

t 7
i =% [ [ GenxoFmraender + uix.co, (32.17)

where G, F and u, are given by (3.2.11), (3.2.5) and (3.2.12), respectively. According to

Banach’s fixed point theorem the integral operator T has a unique fixed point in
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C:IZVI (QL,IRn) if the operator T maps CifII(QL’]Rn) into itself and if T is a contraction
on CM « L,]Rn). Now, it will be proved that the integral operator T satisfies these two
conditions. It is not difficult to show that T maps Ci’II(QL’ ]Rn) into the space of (real-
and vector-valued) twice continuously differentiable functions on QL‘ In order to prove
that T maps C%VII(QL’ JRn) into itself estimates of the elements gii(f,r;x,t) of the diagonal
matrix G should be obtained for 0 < ¢ <7, 0 <7 < t, fixed x and t, and i = 1,2,..,n. It
can be shown (see also [11]) that Igii(f,r;x,t)l < ?1- for 0 <é<m >0, fixed x and t,
and i = 1,2,...,n. Now let (TY-l_le)i be the i-th elerlrlxent (i=1,2,..,n) of the (nx1)-matrix

T\_/-l_l[ Using (3.2.13)-(3.2.15) and (3.2.17) and putting b = max(c cnn) and

11°%227

¢ = min(1 ,c“,czz,...,cnn) the following estimate can be made

ITell < UTv-u,ll , el

2
CMI CMl CMI
n 2 ak+£
=y ¥ max | 7 ((Ty)(x,t) - gz(x,t;c)) o+ Nyl <
i=1 ke_o (x,DeN,  ax" ot c?
L
k+¢ M)

<2 ([§+4+b)M2L+eOM2] +—;M

for all v € Cilll(nL’]Rn)' Now € has been assumed to be sufficiently small and so, there
exists an e-independent constant L such that % [ (% +4 + b] M,L + eoMz) <

2 n 2 .. .
Hence, || Tv|| o2 <M, forallye CMl(nL’IR )- So, T maps CMl into itself. Using

M,
(3.2.13), (3.2.16) and (3.2.17) it will be shown that T is a contraction on C%v[l(ﬂL,]Rn).

Let v,w € Cilll(ﬂL,]Rn), then the following estimate can be obtained

ITy-Twll < 2 ((F+4+0)MuL M) lv-w]

CMl CMl
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It is clear that there exists an e-independent constant L such that % ( (—721 +4+ b] M3L +
+ 50M3] < k < 1. Since there always exists a constant L independent of ¢ such that
% ((%+ 4 + b]M2L+eOM2] S%Ml and% ([__72r+4 +b]M3L+eOM3) <k<1,it
follows that T maps Ci{l(ﬂL, ]Rn) into itself and is a contraction. Banach’s fixed point
theorem then implies that T has a unique fixed point in Ci/IImL’an)’ that is, a unique
and twice continuously differentiable function on QL. Hence, the solution of the system
of the integral equations (3.2.10) is unique and twice continuously differentiable on QL'
And so, on QL a unique and twice continuou.sly differentiable solution exists for the
initial-boundary value problem (3.2.1)-(3.2.4).

Next it will be shown that the solution of the initial-boundary value problem (3.2.1)-
(3.2.4) depends continuously on the initial values. Let u(x,te) satisfy (3.2.1)-(3.2.4) and
let u(x,te) satisfy (3.2.1), (3.2.4), u(x,05) = 1:10(x;e) and §t(x,0;e) = 1:11(x;e), where 1:10 and

1_"11 satisfy (3.2.6) and (3.2.7). Let 1'_'1£ be given by

T
B0 =3 [ {5 €omnigen - Geom i o} d.

After subtracting the integral equation for u from the integral equation for i_i, using

(3.2.10), (3.2.13) and (3.2.16), assuming u and 1:1 = Ci/ll(nL’ ]Rn), one obtains the

estimate
Il -l o2 B((F+a+0)MLreMm,) | wdll o Il gz—l:lellcz <
M) M,y M,
<k JJu-u]| 2 + ||ge—1:1e||cz with 0 < k < .
M M,

This inequality implies || u-1 || , 5 T—l_—k -5, . with 0 < k < I.

Cu, Cn,
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Since the solution u, of the linear initial-boundary value problem (3.2.1)-(3.2.4) with
F =0 depends continuously on the initial values it follows from this inequality that small
differences between the initial values generate small differences between the solutions u

and \:1 on 1 . In other words the solution of the initial-boundary value problem depends

L
continuously on the initial values. The following theorem on the well-posedness of the

problem can now be formulated.

Theorem 3.2.1

Suppose that u, and L and F satisfy the assumptions (3.2.6)-(3.2.8). Then for any e satis-
fying 0 < |e| < €y << 1, the nonlinear initial-boundary value problem (3.2.1)-(3.2.4)
and the equivalent system of nonlinear integral equations (3.2.10) have the same, unique
and twice continuously differentiable solution for 0 < x < wand 0 <t < L|e¢] !in

which L is a sufficiently small, positive constant independent of e. Furthermore, this

unique solution depends continuously on the initial values.
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3.3. On the validity of formal approximations

Since the initial-boundary value problem (3.2.1)-(3.2.4) contains a small parameter ¢ per-
turbation methods may be applied to construct approximations of the solution. In most
perturbation methods for weakly nonlinear problems a function is constructed that satis-
fies the differential equation(s) and the initial conditions up to some order depending on
the small parameter e. Such a function is usually called a formal approximation. It re-
quires an additional analysis to show that thi§ formal approximation is an asymptotic
approximation as € tends to zero. Therefore suppose that on ﬂL (given by (3.2.13)) a twice

continuously differentiable function v(x,t;) is constructed satisfying

m

Ver C\_/xx + €F(vie) = | € gl(x,t;e), m> 1, (3.3.1)
v(x,05) = 1_10(x;e) + Ie | m-1 gz(x;e) = YO(X;e)’ O<x<m, (3.3.2)
v (0,00 = u (x9) + |e] m-1 cy(x) =y, (xe), 0<x<m, (3.3.3)

v(0,t€) = v(m,te) =0, o<t<Lle|™, (3.3.4)

where ¢, Uys Uy and F satisfy (3.2.5)-(3.2.8) and where gl(x,t;e) = (cl l(x,t;e),clz(x,t;e),...,
T Y = ) . on T ) = ) )
cln(x’t,e)) ) Sz(xae) - (C2 1(xae)yczz(xse)s'",czn(xae)) and 93()(,6) - (C3 l(x,E),C32(X,€),...,

c_,m(x;e))T satisfy

o

1 Tax € C(ﬂLx[—eO,eO],]R) fori=1,2,.,n (3.3.5)

with ¢ (0,t) = ¢ (m,6) = 0 - for 0 <t< L4,

2
%, 9%
217 dx 8x2

c € C([O,w]x[—eo,eo],]R) fori=1,2,..,n (3.3.6)
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8292(0;5) B azgz(w;e)

with 92(0;e)=92(1r;e) = > = 3 =0, andfori=1,2,.,n
ax ax
935
C3 Tax € C([O,w]x[-eo,eo],]R) with 93(0;6) = 93(1r;e) =0. (3.3.7)

Furthermore, (for i = 1,2,...,n) cli(x,t;e) and its derivative with respect to x are supposed
to be uniformly bounded for those values of t and ¢ under consideration. From theorem
3.2.1 it follows that the initial-boundary value problem (3.3.1)-(3.3.4) has a unique,
twice continuously differentiable solution v on a time-scale of O(|e|']). This initial-
boundary value problem can then be transformed into the equivalent system of integral

equations
t .
t9 =5 [ [ GenxoF e agar + v, (33.8)
where G is given by (3.2.11) and where IE‘ and v, are respectively given by

F(vx,0 = Fvat - [¢]™ e (b  and
™
v (X,t€) = 1 {B—G (€,0;x,t)v . (&6) - G(¢,0:x,t)v (f'e)} d¢
_e Ehe) 2 0 aT t ) k] _0 k] s 3 b - l 3 .
Now, it will be shown that the formal approximation v is an asymptotic approximation (as

€ — 0) of the solution of the initial-boundary value problem (3.2.1)-(3.2.4) if m > 1, that

is, it will be proved that

lu-vll , =o0ad™")  ase-o
CMl
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This result implies that

lim  |u.(x,te) - v.(x,te)| =0 fori=1,2,.,nand (x,t) € Q.
e—0 i i L

Subtracting the system of integral equations (3.3.8) from the system of integral equations
(3.2.10), supposing that ) satisfies (3.2.14) and that IE’ satisfies (3.2.15) and (3.2.16),
using (3.2.13), (3.2.16), and the fact that u,v € Cifll(nL’Rn)’ the following estimate is

obtained

n
No-vll , <g ((Grasp)MaLeeM) lu-vll o+ llell , + Hypvll ) <

CMI CMI CMI CMl

skllx_l-yllc2 + IISIIC2 + ||‘_1[‘_’g||C2 ,
M, M) M;

with 0 < k <1, b = max(c cnn)’ ¢ =min(l,c

117295 cnn) and where ¢ is given

11,C22,...,
by

lelm t s
cx.te) = - IO f , G(mxe,€m dedr,

and where u, - v, is given by

£ -t

m-1
00,59 - vt = - A [, {32 @omneyco - Geomvey e} ae.

Hence,

1 .
le-vll sﬁ<{ugnc2 +nt_1g-yeuc2 } witho<k<1.

CMl M M

From the smoothness properties of ¢ 1° S and 3 it follows that there exists a constant K
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independent of ¢, such that

c <2 ((£+4+b)KL+ |e K) |e -1 and
-% 2 c 2

CMI
2 -1
||1_1£—Ye|| 5 5%(%+7+3b+b)K|e|m .
CMl
So, |l ] <——n|€|m—lK (-E 4 b]L+| |+l 7 3b+b2}
s u-v 5 = (- K {2+ + € 2+ +
C
M,

For m > 1 this inequality implies the asymptotic validity (as ¢ — 0) of the formal

approximation v. The following theorem has now been established.

Theorem 3.3.1
Let the formal approximation v satisfy (3.3.1)-(3.3.4), where ¢, Uy Yy and F are given
satisfy (3.3.5)-(3.3.7). Then for m > 1, the

by (3.2.5)-(3.2.8) and where Spp € and ¢

2 3
formal approximation v is an asymptotic approximation (as ¢ — 0) of the solution u of the
nonlinear initial-boundary value problem (3.2.1)-(3.2.4). The asymptotic approximation M

is valid for those values of the independent variables x and t for which problem (3.2.1)-

(3.2.4) has been proved well-posed. That is,
-1, . . -1
[u-v || , = O(]e|™ "), implying [u,(x,t6) - vi(x,te) | = O(]e| ™
CMl
for i =12,.,nand 0<x<m 0<t<L]el -1, in which L is a sufficiently small, posi-

tive constant independent of e.
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3.4. A model of the galloping oscillations of overhead transmission lines

In this section a model describing the galloping oscillations of overhead transmission lines
will be derived. Galloping is a low frequency, large amplitude phenomenon involving an
almost purely vertical oscillation of single-conductor lines on which for instance ice has
accreted. The frequencies involved are so low that the assumption can be made that the
aerodynamic forces are as in steady flow. Another consequence of these low frequencies is
that structural damping may be neglected. In severe cases galloping may give rise to
conductor damage due to impact of conductor lines and due to flashover as a result of a
phase-difference between conductor lines, for which the mutual distance has become too
small. The usual conditions (see [26]) causing galloping are those of incipient icing in a
stable atmospheric environment implying uniform (but not necessarily high velocity)
airflows.

In [1] an oscillator with two degrees of freedom has been considered to describe the
oscillations of a rigid circular cylinder with a small ice ridge. In that approach a system
of two coupled, ordinary differential equations is obtained, describing the displacements
of the cylinder in two directions. In [12] a cylinder-shaped transmission line has been
considered to describe the vertical displacement of the conductor due to galloping. In this
section the vertical as well as the horizontal displacements of the transmission line will be
taken into account. To describe the galloping oscillations a circular cylinder-shaped con-
ductor will be considered to be situated in a horizontal airflow. Such a symmetric circular
conductor cannot exhibit galloping because there cannot be generated a force that lifts
the conductor against gravity. On the other hand, a conductor on which ice has accreted
may gallop if it adopts a suitable attitude to the wind. To describe this phenomenon a
right-handed coordinate system is set up where one of the endpoints of the conductor is

the origin. Through this point three mutually perpendicular axes (the x-, y- and z-axis)
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are drawn, where the z-axis coincides with the direction of gravity and the y-axis with the
direction of the airflow. The three coordinate axes span the three coordinate planes in space,
the (x,y)-, (x,z)- and (y,z)-planes. On each coordinate axis a unit vector is fixed: on the
x-axis the vector e on the y-axis the vector e y and on the z-axis the vector e which has
a direction opposite to gravity. The coordinate axes are directed by these vectors, such that
a right-handed coordinate system is obtained. The coordinates of the endpoints of the con-
ductor are supposed to be (0,0,0) and (£,0,0), where £ is the distance between the endpoints.
To model galloping a cross-section (perpendicular to the x-axis) of the conductor with ice
ridge is considered. Assume that all cross-sectional shapes are congruent and have only one
axis of symmetry. Along the axis of symmetry of a cross-section a unit vector e is defined
to be directing away from the ice ridge and starting in the centre of the uniced cross-sec-
tion. In figure 3.4.1 the centre of the cross-section is considered to be at x = Xy Y=Y

and z = Zy with 0 < Xy < L< lc, where tc is the length of the conductor.

Figure 3.4.1. Cross-section of the circular cylinder-shaped conductor with

1 j in’ i for irflowy =v_ e .
ice ridge in’a uniform airf Yo 0 Sy
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At x = X0 and time t the y-coordinate and the z-coordinate of the centre of the cross-
section are denoted by v(xo,t) and w(xo,t) respectively. Assume that every cross-section
perpendicular to the x-axis oscillates in the (y,z)-plane. Furthermore, the torsion of the
conductor is not taken into account. Let the static angle of attack o (assumed to be
constant and identical for all cross-sections) be the angle between e and the uniform
airflow Vo =V

< =. In this uniform

°<)gy(vm > 0), that is, o := L (egV,,) With Iasl
airflow with flow velocity Voo = voogy the conductor may oscillate due to the lift force
Le; and the drag force De,. It should be noted that the drag force De, has the

direction of the virtual windvelocity Vo= Vo " vtgy -we, and that the lift force Le

L
has a direction perpendicular to the virtual windvelocity v (e L is chosen perpendicular

and anti-clockwise to gD). In figure 3.4.1 the forces LgLand DgD acting on the cross-
section are given. Now the conductor is considered to be an one-dimensional continuum in
which the only interaction between different parts is due to a tension T, which is assumed
to be constant in space and time. The validity of this assumption will be discussed in sec-
tion 3.6. The equations describing the horizontal and the vertical motion of the conductor

are then given by

v
a3 X .
pcAVtt - TA % (1+v2+w2 172 = D cos¢ - L sing, (3.4.1)
X X
3 Yx
pCAwtt - TA ox W = —pcAg + D sing + L cosg, (3.4.2)
X X

where D and L are the magnitudes of the drag and lift force acting on the conductor per
unit length of the conductor respectively, Pe the mass-density of the conductor (including
the small ice ridge), A the constant cross-sectional area of the conductor (including the

small ice ridge), ¢ the angle between Voo - Vi€

¢ and v (that is, ¢ = L (Yoo_vtgy’ys)

y
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with | ¢ | < m) and g the gravitational acceleration. The magnitudes D and L of the aero-

dynamic forces may be given by

1 2

D= 3 pach(a) A (3.4.3)
1

L=7

2
pach(a) Vg (3.4.4)

where P, is the air-density, d the diameter of the cross-section of the uniced conductor,
v2 =(v -v )2 + w2
oo t

s ¢ @ theangle between e _and v, (that is, o := L (egvy) with |a] <m),

and cD(a) and cL(a) the quasi-steady drag- and lift-coefficients, which may be obtained
from wind-tunnel measurements. For a certain range of values of v, some characteristic
results from wind-tunnel experiments are given in figure 3.4.2 (see also [1,12,24]).

According to the Den Hartog criterion [10] a two-dimensional section is aerodynamically

unstable if

ch(a)

CD(a) * 4o < 0.

From figure 3.4.2 it follows that this condition is likely to be satisfied for some interval
dc, (@)
L

da
certain range of values of a (including those values which satisfy the Den Hartog

in a with ay <@ <a,, where a and a, are determined by cD(a) + = 0. For

criterion) the drag- and lift-coefficients cD(a) and cL(a) can be approximated by

2 3
¢po * ch(a-al) + ch(a—al) + cD3(a-al) y (3.4.5)

3
cLl(oz—ozl) + CLZ(a-al)z + cL3(cx—a1) s (3.4.6)

with °po > 0, °L1 < 0, cL3 > 0, Qg <@ <oy where cL(al) = 0. Since galloping is a

low frequency phenomenon it may. be assumed that |vt| <<v_ and |w t| <<v_. The
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0.8 16
0.64 CD 1.4
0.4 1.2
TCL 0.2- /EL\ 1.0 CDT
0.0+— . . 08
Ay \, s
-0.2- 2
0.4 a
—_—

Figure 3.4.2. Typical variation of the drag and lift-coefficients p and r with angle of

attack for a symmetric profile with small icy nose.

v
right-hand sides of the equations (3.4.1) and (3.4.2) can be considered as functions of -
w v oo
and Tt- , and so these right-hand sides are be expanded in Taylor series near V—t = 0 and
(e, o) [ o]
Vi

-~ = 0. To obtain these Taylor series the approximations (3.4.5) and (3.4.6) for °p and L
re:;ectively are used. Since the amplitudes of the oscillations are small compared to the
length of the conductor and since galloping is an oscillation described by the lower modes
of vibration, it may be assumed that |v_| << 1and [w, | << 1. And so, the left-hand

sides of the equations (3.4.1) and (3.4.2) are expanded in Taylor series near Ve = 0 and

w
X

0. Neglecting terms of degree four and higher equations (3.4.1) and (3.4.2) become

2 3 2 1.2 .
Vit - ¢ {(1 "2 Vx T 2Wx)vxxnvxwxwxx}_

2 2 2 3
p.dv v w v \A w w
a oo t t + tt+a t +a t
=724 1%0*%0v_ "0 ta 2 YT 2 Y272 T3 3
c v v v v
[o ] o0 [o o] o0

(3.4.7)
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padvi Vt wt vf ) vtwt w% w::
=254 1%00*P10v_*Po1 v *Py 3 *P;; T3 +bp 3 tby3 3 ¢
C [e o] [o o] v v v v

[o o] oo [o o] o0
(3.4.8)
where ¢ = (Tpc_l)l/z,
250 = °pl%)- 310 = ~2ep(y.
d
a.. =c¢ (a) - CD(QS) a,,=C
01~ "L " da 20 ~ “Dlay,
de (@) de, (@) ., d%c.(a)
a, . =-c(a)+ D_s a =—lc (o) - LS+—-1- D_s
11 =L@+ —45 > 02 =2 (%) - T4a 272
de(@) , d%c (@) , dc(a)
a.=4c(@)-+ 28, 1 L 17D (3.4.9)
032 "6 Tde *2 2 "% 3 4.
da da
2p A8
boo=c ) - — 3> Do = -2¢ (2,
p. dv
a 00
ch(as)
b1 = pley) - 45> D50 =cplay:
de, (@) de. (@) . d%c (a)
b, =c(a)+ L s b =—lc (o) + D s 1_ L5
11 D'’s da ’ 02 2 7L's da 2 da2 ’
e, (@) , d%c(a) dc. (@)
b=——lc(a)-—1 L's 1 Dy 1 L*s
03" 2% "% "da "2 2 "6 3

da da

In (3.4.9) the approximations (3.4.5) and (3.4.6) for °p and L respectively should be
2
P advooaOO

substituted. Applying the transformation v(x,t) = v(x,t) iTA

x(x-£) and
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2
w(x,t) = w(x,t) - Loobo—q x(x-¢) and using the dimensionless variables v = —~> ¥, w =
s ’ 4TA g € di ariavles v= ve s W=
ch W, X = -7-;— xand t = T t the equations (3.4.7) and (3.4.8) become
[o o]
v P dv_fa
- - _o0)2 3 (- _a 00 00 ,- 2
VEE V}_”_( + ( c ) {( > [v)_( _—_—41rpcAc (2x-1r)) +
pdv_fb dv
NE a” o0 200 - \Y2) (= Pal¥o0%00 )
+5 |\W_ - ——F— (2x-m) v__ ~ +
47l’pCAC ) ) ( 3% 21rp Ac
pdv_fa p.dv_fb
- Pa%o®00 - (o Pa%00 - - %00
* (v)_( 4mp Ac (2x 7")) (Wi 4mp Ac (2x-7r)) (w,‘(,‘(- 27mp Ac )}
padl

oo -2 - - -2
27FPCA ( ){alov_ +a, wE +a20v{ +a,vo w 02w +a03w } (3.4.10)

L (ﬁ) {[ -—az;:‘;AgQ (2x-m)) (Jvi-giw‘;‘;::go @x-m)) x

y U,;,—;“ZZKS" )+ (G, _4_;°T°° @i-m)? +

o3 (o, 202000 0r)?) (g - B0 ) -

- ;:::A (=== °°]{ 10% * Pgy W * Do ;" AR L %2+ b, w3} (3.4.11)

where the dimensionless constants aOO’aIO""’b03 are given by (3.4.9).

Typical values of the physical quantities in a practical application are: £ = 400 m,

d=004m, A = w[%)z = 4r107* m?, p, = 4000 kg/m>, p, = 125 kg/m>,

g=10 m/s2 and Vo = 10 m/s. The tension T in the conductor is estimated by
%pcg (—g] 2 E)l , where So (usually 2 or 3 per cent of £) is the sag of the conductor. Let

So be 10 m, then T = 8.107 kg/rns2 and consequently ¢ = 140 m/s (c may be identified
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v
)

with the speed of propagation of transversal waves in the conductor). By putting € = c

and by assuming that the static angle of attack a is such that galloping may set in

according to the instability criterion of Den Hartog [10], that is, by assuming that

-~ . 12
a =a + O(e), it then follows that; (a00 ~ 10)
R T T S e RS BN S
c 14> oA 87 4mp Ac 37 4mp Ac -
c

The equations (3.4.10) and (3.4.11) now become up to order €

- - - . - 2 -3
V_t__f V)_U_(—é alOV{+a01w{+aZOV{ +a“ E E<l-302W.‘E+aO3Wf s

- — _ - - -2 - - -2 -3
wn-w)_”_‘-e{blovi+b01wi+b20vE +b“viwz+b02w_+b03wz}, (3.4.13)

pade

h _ -~ ..
where ¢ —2MCA € is a small, positive parameter and where the constants alO’aOl""’b03

are given by (3.4.9) with a = a, that is, alO = -ZCDO, ag, = <pr1° a0, = °bo’
1 1
1171 %02 = 2 b0 *°p2 T L1203 =" 6 D1 " D3 * Lo Py = O
1
P01 = "®po " L1» P20 = 0 Byy =Cpg * CLp» Byy =Cpy; * ¢ , and P3=-Z¢po*

1 . . . .
“Cpy T 6°L1 " CL3' For the cross-sectional shape of the conductor with small ice ridge

under consideration the aerodynamic coefficients CDO’CDI’CDZ’CD3’CL1’CL2 and L3

may be determined from wind-tunnel measurements (as for instance given in figure

3.4.2). Figure 3.4.2 suggests that ¢ 0 <0,c >0,c¢c <0

po > 0 °py > 0. ¢p Do * L1

> 0.

L3
d lc + + 1 c. ., +¢C
M2 po *°p2* 6 L1t L3
If a conductor with fixed endpoints is considered the boundary conditions v(0,f) =
= v(m,t) = w(0,t) = w(m,t) = 0 are obtained. In the next section the partial differential
equations (3.4.12) and (3.4.13) subject to these Dirichlet boundary conditions and the ini-

tial values V(,0) = V(X), V.(x,0) = ¥, (%), W(X,0) = W (%) and »—VE(;(,O) = W, (%) will be
3



97

studied, where ;0 and &O can be regarded as the initial displacement of the conductor in

y- and z-direction respectively, and where v, and »'vl represent the initial velocity of

1

the conductor in y- and z-direction respectively.
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3.5. An asymptotic approximation of the solution of a system of nonlinear wave equations

In this section the following initial-boundary value problem for a twice continuously

differentiable and vector-valued function u(x,te) = ({;(x,t;e),\;'(x,t;e))T will be considered

<1

- -2 - - -2
it Vxx = @10Vt gy Wy + By0Vy 2 VW, + ag,W t* 33" t)

O<x<mt>0, (3.5.1)

- ) -3

th_ x--e(b w +bll A b02wt+b03wt)’ O<x<mt>0, (3.5.2)

v(x,0:) = Qo(x;e) = (VOO + eVOI)sin(mx), O<x«<m, (3.5.3)

w(x,0:) = v—vo(x;e) = (W00 + eWOl)sin(nx), 0<x<m, (3.5.49)

\-/t(x,O;e) = \—/l(x;e) = (V10 +ev, l)sin(mx), 0O<x<m, (3.5.5)

\7vt(x,0;e) = \—vl(x;e) = (WIO + €W, | )sin(nx), 0<x<m, (3.5.6)

u(0,t¢) = u(m,te) = 0, t>0, (3.5.7)

where a

10° aOl""’ b03, VOO’ VOl""’ wlO’ Wll are constants independent of ¢, m and n
integers, and 0 < ¢ << 1. From theorem 3.2.1 it follows that this initial-boundary value
problem is well-posed on QL (given by (3.2.13)).

b

For arbitrary m, n, a 03’ VOO""’ W10 and W11 an asymptotic approximation

10° 301>
(as € tends to zero) of the solution of (3.5.1)-(3.5.7) will be constructed in this section. In
view of computational difficulties (as also has been noticed in [18]) whenever one assumes
an infinite series representation for the solution of the nonlinear initial-boundary value
problem, one may alternatively investigate the problem in the characteristic coordinates
o= x-t and ¢ = x+t. In this approach the initial-boundary value problem (3.5.1)-(3.5.7)
has to be replaced by an initial value problem. This replacement requires to extend the

dependent variable u(x,t), the right-hand sides of the equations (3.5.1) and (3.5.2) as well

as the functions \70, \71, JVO and 6/1 in x to odd and 2x-periodic functions. For simplicity
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the extended functions u, \70, ;'l’ v_vo and w 1 will be denoted by the same symbols. In
constructing an approximation of the solution u(x,t) = 1_1*(0,6) of this initial value problem
a two-timescales perturbation method will be used, because the straightforward pertur-
bation expansion 1_13(0,6) + €9T(0,€) + ... causes secular terms. Applying the two-timescales

perturbation method u(x,t) is supposed to be a function of 0 = x-t, £ = x+t and 7 = €t. By

putting u(x,t) = u(0,£,7) = (i'/(o,f,r),\'i'(o,ﬁ,r))T the following initial value problem is ob-

tained

~ ~ ~ 2~ -~ o~ ~ ~ ~ ~
—4Vo£ + 2e(v$1_—var) tev, =e [alO(-va+V£+€Vr) + aOl(—wa+ w€+ewr) +

+ D (O+E,-V 4V +4€V_-W +W_ +€W ) + 2 (- W _+W €W )3)

1 o €T o €T 03" "0 & T >
for —-co <0 <€ <00, 7>0 (3.5.8)

~ ~ ~ 2~ ~ ~ ~ - o~ ~

-4wa€ + 2e(w€1_—wm_) teEw =e (bOI(_wa+w$+€w1') + p2(a+$,va+v€+ev1_,
~ o~ ~ ~ o~ o~ 3

—wa+w€+ew1_) + b03(-wa+w€+ew1_) ) s for -oo <0< € <00, 7>0 (3.5.9)
v(o,€,1) = (V00+6V01)sin(mo), for —-oo <o=¢6 <00, 7=0, (3.5.10)
w(o,8,7) = (W00+6W01)sin(na), for -oo <o=€ <00, 7=0, (3.5.11)

—\70(0,5,1') + \76(0,5,1') + ei'/r(o,f,r) =v,(0) = (V10+€Vl 1)sin(mcr),
for oo <o=§ <00, 7=0, (3.5.12)
—G/g(a,f,r) + \'ilg(a,f,r) + e&f(a,f,r) = wl(a) = (W10+~5Wl l)sin(na),

for —-co<o=¢<00,7=0, (3.5.13)

where pl(a,b,c) = E (%) {azob2 + a; lb‘c + a02°2 and p2(a,b,c) = E [%) X
X {b“bc+ bozcz} with E(x) = 1 for 0 < x < m, E(x) = -1 for -7 < x < 0, E(0) =
= E(r) = 0 and E(x) is 27-periodic in x. Furthermore, V= w =0 if o=kr - 0, { = km + ¢
and 7 = €0 with k € Z and 6 > 0. Now it is assumed that v and w may be approximated
by the formal perturbation expansions V0(0,€,1') + evl(a,g,r) + + ezvz(a,s,'r) + .. and

wo(a,s,r) + ewl(a,f,r) + ezw,)(a,f,r) + ... respectively. By substituting these expansions
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into (3.5.8)-(3.5.13), and after equating the coefficients of like powers in ¢, it follows

from the powers 0 and 1 of ¢ that 0 and Y should satisfy

—4v0 =0, —co<o<€<oo, 7>0, (3.5.14)
o
—4w0 =0, —co<o<€é<oo, 7>0, (3.5.15)
o
vo(a,f,r) = Voosin(mo), —o<o=§€<o00, 7=0, (3.5.16)
WO(U,.E,T) = Woosin(na), —co<o=§<00,7=0, (3.5.17)
-v, (0,¢,7) + v, (0,¢,7) = V_ _sin(mo), ~o<o=¢<o00, 7=0, (3.5.18)
00 05 10
-W, (0,6,7) + Y (0,6,7) = Wlosin(na), ~-co<o=¢<00, 7T=0, (3.5.19)
o 13

and that vy and Wi respectively, should satisfy

-4v =2v - 2v +a (-v, +v. )+ a, (-w, +W,. )+ D, (0+£,-v, +V, ,
105 Oar ofr 10 00 Of 01 Oo OE 1 Oa O§
“Wo W, ) + a03(—w0 W, )3, —co<og<€<oo, 7>0, (3.5.20)
o ¢ o ¢
-4wl = 2w0 - 2w0 + bOl(_WO Wy ) + p2(a+£,—v0 Vo W +W ) +
(43 or ér o 3 o 3 o 3
+ b03(—w00+w0€)3, ~oo<0o<€<o0, 7>0, (3.5.21)
Vl(a,f,f) = VOlsin(ma), ~oo<o=§£<00, 7=0, (3.5.22)
wl(o,é,r) = WOlsin(ncr), —o<o=§E<00, 7=0, (3.5.23)
-vl (09691) + Vl (03€3T) = -VO (Ussar) + Vl ISin(mU)v
o 13 T
~oo<o=€<00, 7T=0, (3.5.24)
-w (U$€9T) + W (07591-) =-Ww (09551-) + W Sin(no),
10 lf Or 11
~oo<o=§€<00, 7T=0. (3.5.25)

Furthermore, Vo= Wo =V, =W, =0ifo=kr -6,¢{=kr+06and7 =€) withke Z

and 6 > 0. In the further analysis Vor Yor Vi and W, will be determined, and it will be
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shown that the formal approximation EA(x,t;e) = (vo(x-t,x+t,et) + evl(x—t,x+t,et),
wo(x-t,x+t,et) + ewl(x-t,x+t,et))T is an order € asymptotic approximation (as ¢ — 0) of
the solution u(x,t) of the initial-boundary value problem (3.5.1)-(3.5.7) for 0 < x < 7 and
0<tsLld”}

The general solutions of the partial differential equations (3.5.14) and (3.5.15) are given
by VO(U,€,T) = ho(a,r) + ko(f,r) and wo(o,f,r) = fo(o,r) + go(f,r) respectively. The initial
values (3.5.16)-(3.5.19) imply that hO’ kO’ fo and g have to satisfy ho(a,O) + ko(o,O) =
= Voosin(ma), -h(')(a,O) + k(')(a,O) = Vlosin(xﬁa), fo(o,O) + go(o,O) = WOOsin(ncr) and

-f(')(o,O) + g(')(a,O) = W _ .sin(no), where the prime denotes differentiation with respect to

10

the first argument. From the odd and 2w-periodic extension in x it follows indirectly
that hO’ ko, fo and 8o have to satisfy ko(o,‘r) = -ho(—o,r), ho(a,r) = ho(a+21r,r), go(a,r) =
= -fo(—a,r) and fo(a,r) = f0(0+21r,r) for -oo < 0 < o0 and 7 > 0. The undetermined

behaviour of hO and f 0 with respect to 7 will be used to avoid secular terms in vy and

W, From the well-posedness theorem it followed that u, u, and u are O(1) on QL. So,
u and its first derivatives have to remain O(1) on -co < x <oo and 0 < t < Llel-l

Furthermore, it should be noticed that the equations for Vor Yoo V1 and w, have been

derived under the assumption that Vo Ve W and their derivatives up to order two

WO,

are O(1). These boundedness conditions on Voo W

1

v and W, determine the behaviour of

0,
h0 and f0 with respect to 7. From (3.5.20)-(3.5.25) VisVieW and w, may be ob-

o ¢ o &

tained easily. For instance,

-awy @60 = -4w, (007) + (E-0) (Zfom(a,f) bOl 0 (o,1)- b03f0 ©@n) +

03 0 (o,7) J go (6,7)dé + Io {—2g001(0,r) + bmgoo(&,r) + 3bo3 O (a r)go @,r) +

3 *
+ b03g06(0,1)} dé + JU p2(a+0,-hoa(a,r)+k00(0,'r),—foa(a,r)+g00(6’,r))d0 +h (o,7), (3.5.26)
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where h* will be determined later. In (3.5.26) the' integral with integrand P, is of O(1)
for all values of o and ¢, because the function P, of O(1) is 4w-periodic in 6 and the in-
tegral over such a period is equal to zero. Since the first integral in (3.5.26) contains a
non-negative and 2x-periodic integrand it follows that this integral will grow with the
length ¢-o of the integration interval. It turns out that this integral can be written in a

part which is of O(1) for all values of o and ¢, and in a part which is linear in -0

£ 3 27
2 _ 2 1 2
fagoo(o,r)de—fo 80,00 ~ 35 [, Bg, k) v f at +

2r
+ 5[ gf,w(w,r) as.

Noticing that ¢-o = 2t it follows that ¢-o is of O(Iei_l) on a time-scale of O(lel_l). So,

w, will be of O(d™") unless f, and g are such that in (3.5.26) the terms of O(ld ™)
o

(that is, terms linear in &-0) disappear. It turns out that w and v, are all

1 %1 1
-1 o ¢ o
O(1) on a time-scale of O(l¢| ') if fo(cr,r), go(f,r), ho(a,r) and ko(f,r) satisfy the follow-

ing four conditions

3 3byy ,
2fy = by o - bysfy -5 £, Jo g (6,1)d6 =0,
or 4 o o [’}
2
28p = by18 " P38y - 32% &) J f%) (6,7)d6 =0,
ér ¢ ¢ ¢ 40 Ty
3a 27
3 03 2
2hy -ajohy -agfy -agsfy -5 1 Jo g (.1)d6 =0,
or o o o o [’}
3a 2
3 03 2
2k -a, k., -a g -a.g -——¢g I f°. (8,7r)dé = 0.
0 1050 1 2t 8o 0
e e 0O 0, ~ “03%0, ™ %0, Jo 0,

From go(e,r) = —fo(-G,r) and from k0(0,r) = -ho(—e,r) it follows that the first and second
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condition as well as the third and fourth condition are equivalent. So, w 1°%1 V1 and
o

v, are all O(1) on a time-scale of O(d” 1y if f, and h satisfy
'3
2

2. —bafa - ba.fs -0 £2 (9,r)dé = 0, and (3.5.27)
0 orfo_"Pos'o 2z fo |, fo ; 3
or o o 4 [}

™

2h, -a h. -a f. -a f -Ba°3f £2 (6.d6 = 0 (3.5.28)
0 10% ~201fo ~203fo ~2x fo_ J, fo ¢ ' -3
or o o o o [’}

In [4,12] an equation similar to equation (3.5.27) has been solved. If the method introduced
in [4] is applied to equation (3.5.27) one obtains after some calculations fo(a,r), and so

wo(o,f,r) = fo(o,r) - fo(-{;',r). It turns out that fO and W are given by

A(T) W_¢(r) 1/2
o(a T) = n61/2(r) arcsin [WB ] sin(a+no) | + k*(r), (3.5.29)
Wer 172 ]
0(0 £,1) = ﬁ—/)z(—) arcsin [W—G_)- ] sin(a+no) | +
W_4(r) 1/2
- aresin | [T g 1 sineng) |1, (3.5.30)
n

where k*(r) is an arbitrary function in 7 with k*(O) =0, 0 = x-t, £ = X+t, T = et,

24,2 2 .. _ -1/2 _ -1/2
Wn =n W00 lO’ a is given by cosa = nWOOWn and sina WIOW , Where

A7) and ¢(r) are implicitly given by A(r) = 4m_3(r)exp (ﬂ r] and ¢(r) = %ﬂx
n
x (m(r)-2) with m(7) determined by ms(r) - —87— m7(r) 26W b03b01(1 exp(bmr)) +
8
3.2

+ —7 Now the (with respect to ho) linear partial differential equation (3.5.28) can be

solved and one obtains after some calculations ho, and so vo(a,f,r) = ho(a,r) - ho(-f,'r). It

turns out that Yo is given by



104

O(a,e T)=—= exp ( r) {Voosm(ma) +—= cos(ma) + VOOsm(mf) 1 Ocos(mf)}

0 {wo(a,f,r) exp( 1'] [Woosm(na)+ cos(na)+Woosin(n£)+
a,
- 1 lOcos(n(;‘)]} 1 [ao1 —a;bo +b— alo] J exp (—(r r')]w (o,6,7")dr?',
(3.5.31)

where w, is given by (3.5.30). Now the linear initial value problems (3.5.20)-(3.5.25)

0

for 2 and w, can be solved, yielding

o ¢

veen=-3 [, [, e (br61mhy (kg (8- (h)egg (6) dds +
3 27

G0y lgenmsgen) [ (e 00 -7 [ f§¢(¢,f)d¢)d9 - 03 X

¢ 1272
<[ [(rg @0 - [ f%w,r)dw] (£,(0.0)+£,(8.0)) 1 d# + b (0,7) + K (€7,
(3.5.32)

and

19 ¢
W (0.6,7) = - p, (p+8,-h, @.1)+k, ($.1),-f, (B,1)+g, (4,7)) dgdy +
1 4 Jf h 2 0, 0y 0, 0,

¢ 2
+ 303 (genmagen) [ (g on- 57 [

"2 pdw)ds - 3, x

0¢ ’ 4 703

S R )
<[, (g en-4 Fo 9) (10.08(00) 100 + y(0) 4 8,60,
(3.5.33)

where (for 0 = ¢ and 7 = 0) hl'+k and fl+gl are determined by the initial values

1
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(3.5.22)-(3.5.25). The undetermined behaviour of fl, g h1 and kl with respect to 7 can

be used to avoid secular terms in vy and Wy However, in this analysis vy and Wy will not

be determined. For that reason it may be assumed that f =f (a) g8, =8, &), h, = hl(a)
and k =k (5) and then f (o)+g (5)—- > I Y (0 0 O)d€+ 2 Ol (sin(na)+sin(n£)) +

2 W11 (cos(no) cos(n(;‘)) and h (a)+k (f) =-5 I Vo (0 6,0)dé + 5 (sm(ma)+

2 Ol
+sm(m£)] + —2—;1'; 11 (cos(ma) cos(mé')) . It can be shown from (3.5.30)-(3.5.33) that Vo

Vi Wor W) and their derivatives up to order two are of O(l1) for -oo < x < oo and

0<t<Llg 1. So, the assumptions under which the equations for Vor V1o Yo and w, have

l)

been derived, are justified. So far a vector-valued function \_1A(x,t;e) = (vo(x-t,x+t,et) +
+ evl(x-t,x+t,et), wo(x—t,x+t,et) + ewl(x-t,x+t,et))T has been constructed. It can easily be
seen that u, satisfies (3.5.3), (3.5.4) and (3.5.7) exactly, and (3.5.5) and (3.5.6) up toorder

62 in the sense of theorem 3.3.1. After lengthy calculations it can also be shown that u

9c;
1 ax

€ C(ﬂLx[-eo,eo], IR) for i = 1,2 with c_:l(O,t;e) = c_:l(r,r;e) =0for0<t< Llel_l. Further-

satisfies (3.5.1) and (3.5.2) up to ezgl(x,t;e) = ez(c1 l(x,t;e),clz(x,t;e))T, where ¢ €
more, it can be shown thatc l(x,t;e) and its derivative with respect to x are uniformly bound-
ed in tand e. Then it follows from theorem 3.3.1 that u A(x,t;e) is an order € asymptotic ap-
proximation (as ¢ — 0) of the solution of the initial-boundary value problem (3.5.1)-(3.5.7)

for0 < x<mand0<tx< L|e| , that is, |lu-u = O(¢). From this estimate the fol-

M,
lowing estimate can be obtained with 1_10(x,t;e) = (vo(x—t,x+t,et),w0(x-t,x+t,et))T:

ull 5

lu-u,ll , = llu-u, +u, -ull 5 < lhu-u |l , * llu, 0II = O(e).

Cy, Cu, Cu, ch

Hence, (vO(x—t,x+t,et),w0(x-t,x+t,et))T, where Yo and W, are given by (3.5.31) and
(3.5.30) respectively, is also an order ¢ asymptotic approximation (as ¢ — 0) of the solution
u(x,te) of problem (3.5.1)-(3.5.7) for0O<x<mand 0 <t < Llel'l, in which L is an

e-independent, positive constant.
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3.6. Some general remarks

The asymptotic theory presented in the sections 3.2 and 3.3 can readily be extended to
other types of initial-boundary value problems. For instance, if the initial-boundary
value problem (3.2.1)-(3.2.4) is considered where the boundary conditions (3.2.4) are
replaced by u(0,t) = 0 and x_1x(7r,t) = 0 (a fixed end condition at x = 0 and a free end
condition at x = 7) then an integral equation equivalent with this problem is needed to
prove the well-posedness of the problem and the asymptotic validity of a class of formal
approximations. To obtain this equivalent integral equation the initial-boundary value
problem should be extended to an initial value problem. This can be accomplished by
extending the dependent variable u, the nonlinearity and the initial values in x, such
that these functions are odd about x = 0, even about x = m and 4x-periodic with respect
to x. In this way the equivalent integral equation is obtained and the techniques applied
in sections 3.2 and 3.3 can again be used to prove the well-posedness of the problem and
the asymptotic validity of formal approximations on e-dependent time-scales.

In section 3.4 the assumption is made that the cross-section of the circular conductor with
small ice ridge is symmetric. However, this assumption is not necessary. In fact, for an
arbitrary profile galloping may occur if the lift- and drag-coefficients cL(a) and cD(a)
are such that therg exists an interval in a with ay <a<a, for which the Den Hartog-
criterion cD(a) + -—(:—(Ii‘—iﬂ < 0 is satisfied. Then, the static angle of attack a  can be chosen
such that galloping may set in. It should be noted that the analysis in sections 3.4 and 3.5
<a, < x,.

0 1 2

In section 3.5 the model is studied, which has been derived in section 3.4. It is assumed in

is correct if there exists an angle o with cL(al) =0and o

section 3.5 that u(x,t) is a twice continuously differentiable function. This assumption can

be justified as follows. The velocities v and Wy of the conductor in horizontal and in

vertical direction are continuous in x and t, and the aerodynamic coefficients cD(a) and
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. . . -1 .
cL(a) are continuous in a. Since a = o+ ¢ = a + arctan (-wt(voo—v ) ) with thl <V

t
and |vt| <V it follows that the right-hand sides of the equations (3.4.1) and (3.4.2) are
continuous in x and t. In the left-hand sides of the equations (3.4.1) and (3.4.2) the terms
gx v (l+v2+w ) 1/2} and é?x {wx(l+vi+wi)'l/2} represent in fact the curva-
ture of the transmission line. Since it is natural to assume that the curvature is continuous
in x and t, it follows that v tt and Wi should be continuous in x and t. And so, it is more
or less natural to assume that u(x,t) = (v(x,t),w(x,t))T should be twice continuously
differentiable with respect to x and t.

In section 3.5 monochromatic initial values have been considered, because the galloping

oscillations often affect only a single mode of vibration [25]. To obtain some information

about the oscillation amplitudes the following formulas can be used

2
-p, dv 00200 tv
v(x,t) = aTA x(x-0) + — v (— X, —— t]
-, dv2 b ev
w(x,t) = 4TA 00 x(x-£) + Toco w [—"t— X, 1r_tc t) ,

where v(x,t), w(x,t), Pyr dv.c T, AL v, w, a5, and bOO are defined as in section

3.4. The first terms in these formulas may be considered as the position of the conductor
in rest, whereas the second terms represent the change of the position of the conductor
due to galloping. For large values of t (that is, €t = 7 — oo) it can be shown from (3.5.30)
that Y (the first order approximation of \5). tends to a standing triangular wave with
_ 01 ) 1/2

amplitude 5— and period ZT” . It should be noted that for these values of t

2n
little can be said about the asymptotic validity of the results, since only for finite values
of et, that is, for 0 < 7 = et < L < oo the asymptotic validity of the results could be

established. It is also interesting to mention that it can be shown from (3.5.31) that
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a,,b..-a b .
lim vo(ogn) = (2U0L03) 4y, W (0.6.7). (3.6.1)
T—00 10703 T—00

These results imply that the maximum oscillation amplitudes due to galloping may be

approximated by

oo | “po ~ ‘L1 12
700 1 in the vertical direction, and by
[ 2°p0*6°L1 * ®D2 * CL3|
V172
o | “°po ~ °L1 y
2ne lc vde 4 Crys +
[ 2°D0 T 6 L1 * D2 * L3
[ -c (L €y * Cyny + €y 4) + (g - X )
y D1'3 ‘Do * °p2 * L3 D3~ “L2"°po * °L1
2¢c (L [ + 1 C, , +¢C +cC,)
{ D02 ‘D0 T 6 ‘L1 T D2t L3

in the horizontal direction, where R Cp 3 are the aerodynamic coefficients,
which may be obtained from wind-tunnel measurements. In a practical application the
quantity (aO3b01_a01b03)(a10b03)_1 is small compared to one. This implies that the
amplitude of the horizontal oscillation is small compared to the amplitude of the vertical
oscillation. This phenomenon, that galloping is an almost purely vertical oscillation, has
also been noticed in nature [26].

In section 3.4 it has been assumed that the tension T in the conductor is constant. In [16] it
has been shown for the free vibrations of a suspended cable for which the sag to span
ratio is small that the assumption is valid if the cable oscillates in a so-called anti-
symmetric in-plane mode. For the monochromatic initial values considered in section 3.5
this implies that n should be even. If the cable oscillates in a symmetric in-plane mode

(that is, n is odd) the assumption that T is constant is only valid for the higher modes of
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vibration. For the lower modes of vibrations with n odd the validity of the assumption
that T is constant, heavily depends on the elastic properties of the conductor and the sag-
span ratios (see [16]). However, in [26] it has been remarked that the most troublesome
galloping mode is the S-shaped vertical mode of the conductor catenary, that is, n is
equal to 2. So, it may be concluded that for this S-shaped mode the model (describing the
galloping oscillations of overhead transmission lines) can be justified. However, if n = 1
the assumption that T is constant, is incorrect or at least doubtful.

In section 3.5 monochromatic initial values have been considered in the vertical and in
the horizontal direction. It can be shown that the analysis given in section 3.5 also can be
applied if the initial values in the horizontal direction consist of an arbitrary number of
modes, that is, if \_/O(x;e) = :Z: ak(e)sin(kx) and Ql(x;e) = :Z: bk(e)sin(kx), where ak(e)
and bk(e) are such that dif f;rentiation and summation, and_integration and summation

may be interchanged as often as is required. It then turns out that vO(a,f,r) is given by

b (0)

Vo(a9EaT) = L €Xp ( ] { Z (ak(O)sm(ka) +

cos(ko) +

0) a
+ 3, (O)sin(ke) - k (kf)} {wo(a e -2 exp (527)

W w
X (Woosin(na) + —;0 cos(no) + Woosin(ns) - Tl() cos(ne)} +

a a,
1 03
+5 (am - % bOl +B:)—3 alO) I exp (—(r r')] wo(af,r Ydr!',

where wo(a,s,r) is given by (3.5.30). Since a9 < 0 if 'follows from this formula that (for
T — 00) the modes initially present in the horizontal direction disappear, and that ) tends
to a standing triangular wave (see (3.6.1)), which is in fact determined by the vibration
mode initially present in the vertical direction. After having obtained the approximation

for the oscillation-amplitudes (and the velocities of the conductor) it should always be
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checked if the values of a = @, + arctan (-wt(vw—vt)"l) are such that the approxi-
mations (3.4.5) and (3.4.6) for cD(a) and cL(a) are still valid. It turns out that for the
°p- and ¢y -curve given in figure 3.4.2 and for the typical values of the physical quan-
tities ¢, d, Veor © etc. (given in section 3.4) the values of a are such that the approxima-

tions (3.4.5) and (3.4.6) for cD(a) and cL(a) are valid, and so these approximations are

justified.
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SUMMARY

In this thesis a class of initial-boundary value problems for (systems of) weakly nonlinear
hyperbolic equations of order two is studied. These problems contain a small parameter e,
which precedes the nonlinear terms in the partial differential equation(s). To obtain a
classical solution the initial values and the nonlinear terms in the partial differential
equation(s) have to satisfy certain smoothness conditions. In order to prove existence and
uniqueness of the solution of an initial-boundary value problem for a (system of) hyper-
bolic equation(s) an equivalent (system of) integral equation(s) is used. By applying
Banach’s fixed point theorem to this (system of) integral equation(s) existence of a unique
classical solution is shown on an e-dependent time-scale.

Since the initial-boundary value problems contain a small parameter € perturbation meth-
ods can be applied to construct formal asymptotic approximations of the solutions. In this
thesis the asymptotic validity (as ¢ tends to zero) of a class of formal approximations is
shown on time-scales for which the initial-boundary value problems have been shown to
be well-posed.

As application of the theory several initital-boundary value problems have been formu-
lated and studied. From an aero-elastic analysis it is shown that an initial-boundary value
problem for the Rayleigh wave equation can be regarded as a simple model describing
the galloping oscillations of overhead transmission lines in the vertical direction. Fur-
thermore, an initial-boundary value problem for a system of weakly nonlinear and
weakly coupled wave equations has been derived to describe these oscillations in the ver-
tical and horizontal direction. These initial-boundary value problems have been investi-

gated in detail using characteristic coordinates and a two-timescales perturbation method.
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The well-posedness of these problems and the asymptotic validity of the constructed ap-
proximation of the solutions of these problems have been shown using the developed
asymptotic theory. Also an initial-boundary value problem for a telegraph equation per-
turbed with a cubic nonlinearity has been investigated by means of a Fourier series ex-
pansion of the solution and a two-timescales perturbation method. For this problem the

asymptotic validity of the approximation has also been demonstrated.
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SAMENVATTING

In dit proefschrift wordt een klasse van begin-randwaarde problemen voor (stelsels) zwak
niet-lineaire, hyperbolische vergelijkingen van de tweede orde bestudeerd. De problemen
bevatten een kleine parameter ¢, die de niet-lineaire termen in de partiéle differentiaal-
vergelijking(en) voorafgaat. Om een klassieke 6plossing te verkrijgen, moeten de begin-
waarden en de niet-lineaire termen in de partiéle differentiaalvergelijking(en) aan be-
paalde gladheidseisen voldoen. Door het begin-randwaarde probleem voor een (stelsel)
hyperbolische vergelijking(en) te herschrijven in een (stelsel) integraalvergelijking(en)
worden existentie en eenduidigheid van de oplossing van het begin-randwaarde probleem
aangetoond met behulp van de dekpuntstelling van Banach.

Aangezien de begin-randwaarde problemen een kleine parameter e bevatten, kunnen
perturbatiemethoden worden toegepast om formele benaderingen van de oplossingen te
construeren. In dit proefschrift wordt de asymptotische geldigheid (voor ¢ — 0) van een
klasse van formele benaderingen aangetoond op tijdschalen voor welke de begin-rand-
waarde problemen goed-gesteld zijn.

Als toepassing van de theorie worden verscheidene begin-randwaarde problemen gefor-
muleerd en bestudeerd. Uit een aero-elastische analyse volgt dat een begin-randwaarde
probleem voor de Rayleigh golfvergelijking’ beschouwd kan worden als een eenvoudig
model beschrijvende de wind-geinduceerde, verticale. trillingen (’galloping’) van hoog-
spanningsleidingen. Om zowel de verticale als de horizontale trillingen van deze hoog-
spanningsleidingen te beschrijven is bovendien een begin-randwaarde probleem voor een
stelsel zwak niet-lineaire en zwak gekoppelde golfvergelijkingen afgeleid. Deze begin-

randwaarde problemen zijn in detail onderzocht met behulp van karakteristieke coordi-
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naten en een twee-tijdschalen perturbatiemethode. Gebruik makende van de ontwikkelde
theorie zijn de goed-gesteldheid van deze problemen en de asymptotische geldigheid van
de geconstrueerde benaderingen aangetoond. Verder is een begin-randwaarde probleem
voor een telegraafvergelijking met een kubische niet-lineariteit onderzocht met behulp
van een twee-tijdschalen perturbatiemethode en een Fourier reeksontwikkeling van de
oplossing. Voor dit probleem is eveneens de asymptotische geldigheid van de geconstru-

eerde benadering aangetoond.
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Stelling 1.

Laat f: R -+ R een continu differentieerbare, oneven en 2x—periodieke functie zijn. Dan geldt

voor allex e Ren t ¢ R dat

T/ e ) e ae

x—t

<2r max |f(§)]
0 é¢r

waarin Jg de Bessel functie is van de orde nul.

Stelling 2.
Gegeven zijn k, 1, m, n en p die voldoen aan:

(i) k,1,m,ne¢ It en p e R\{0},

G) Jn+p=J+pra/r 4 pr - m? s p,
(iii) n=k+1-m.

Door (ii) op een handige manier tweemaal te kwadrateren kan worden aangetoond dat de

voorwaarden (i), (ii) en (iii) equivalent zijn met:
{k,l,m,nell+,pcR\{0} k=mAl=nV k=nAl=m}.
Indien voorwaarde (iii) vervangen wordt door n = k + 1 + m of door n = m — k — 1 kan

bewezen worden dat er geen k,1, m, n € I bestaan, die aan de voorwaarden (i), (ii) en (iii)

voldoen.



Stelling 3.

Uit een stelsel niet-lineaire partiéle differentiaal vergelijkingen beschrijvende een bepaalde
vorm van convectie in een vloeistoflaag is in [1] een stelsel van drie eerste orde gewone
differentiaal vergelijkingen afgeleid. Dit stelsel gewone differentiaal vergelijkingen is beroemd
geworden, omdat oplossingen een gedrag vertonen dat tegenwoordig door velen chaotisch
wordt genoemd. Vanuit wiskundig oogpunt gezien is het niet alleen onduidelijk wat verstaan
wordt onder dat chaotische gedrag van dergelijke oplossingen, maar het is bovendien
onduidelijk wat die oplossingen te maken hebben met de oplossingen van het stelsel partiéle

differentiaal vergelijkingen.

[1] E.N. Lorenz, Deterministic Nonperiodic Flow, Journal of the Atmospheric Sciences

20, (1963), pp. 130 — 141.

Stelling 4.

In plaats van te spreken over een numerieke benadering van de oplossing van het probleem,

spreekt men vaak ten onrechte over de numerieke oplossing van het probleem.



Stelling 5.

Ten onrechte wordt bij de behandeling van gewone differentiaal vergelijkingen weinig en
soms zelfs geen aandacht besteed aan de methode van de integrerende factor ter bepaling van
oplossingen van eerste orde vergelijkingen. Niet alleen is deze methode ook toepasbaar als de
overige methoden voor eerste orde vergelijkingen (zoals methoden voor lineaire
vergelijkingen, methode voor vergelijkingen met te scheiden veranderlijken, etc.) toepasbaar
zijn, maar deze methode is bovendien uitbreidbaar naar hogere orde gewone differentiaal

vergelijkingen.

Stelling 6.

Voor de opleiding tot wiskundig ingenieur behoort het een vanzelfsprekendheid te zijn dat
een college partiéle differentiaal vergelijkingen in het ondérwijsprogramma is opgenomen.
Het is betreurenswaardig dat dit niet het geval is aan de faculteit der Technische Wiskunde

en Informatica van de Technische Universiteit Delft.



Stelling 7.

Als toetsingsvormen in het wiskunde—onderwijs zijn meerkeuzetoetsen en toetsen waarbij de
kandidaten alleen het antwoord moeten vermelden ongeschikt om wiskundige kennis en

vaardigheid van de kandidaten te testen.

Stelling 8.

Het is verwerpelijk om op de middelbare school naast Nederlands en een moderne taal alleen
het vak wiskunde verplicht te stellen. Voor zowel de scholier als voor de maatschappij heeft
een breed georiénteerde schoolopleiding niet te onderschatten voordelen. Het verplicht stellen
en examineren (eventueel op verschillende niveaus) van alle op de middelbare school

gedoceerde vakken is een overweging waard.

Stelling 9.

Bij de aanstelling van voetbalverslaggevers (m/v) dienen de Nederlandse omroep
verenigingen en/of stichtingen slechts die personen aan te nemen die met goed gevolg een
test hebben afgelgd waaruit blijkt dat die personen tenminste de voetbalspelregels kennen en
de Nederlandse taal beheersen.



Stelling 10.

Alle stellingen die betrekking hebben op het aantrekkelijker maken van het voetbalspel zijn

onjuist. Het voetbalspel kan niet nog aantrekkelijker gemaakt worden.

Stelling 11.

Het vrijwel niet verbaliseren van fietsendieven door de Nederlandse overheid kan tot gevolg
hebben dat indien over duizend jaar een wetenschappelijk onderzoek wordt verricht naar de
criminaliteit in de Primitief—Industriéle Eeuwen een conclusie kan luiden: in de tweede helft

van de twintigste eeuw was fietsendiefstal een niet voorkomend verschijnsel in Nederland.
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